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[X. The Third Elliptic Integral and the Ellipsotomic Problem.

By A. G. GreeNuiLn, FLR.S.

A

T

:é ~ Received December 22, 1903,—Read January 21, 1904,

—

2 : Tar ABeL Centennial Ceremony, held in Christiania, September, 1902, has directed
= 5 the attention of mathematicians to the great influence of ABEL on modern analysis,
T O and to the history of elliptic functions, and of the foundation by CRELLE of the
=w “Journal fiir die reine und angewan Ite Mathematik.”

ABrr’s article in the first volume of * CrELLE'S Journal, 1826,
“ Ueber die Integration der Differential-Formel

dx
Wi (M),

wenn R und p ganze Functionen sind,” is of great importance as indicating the

PHILOSOPHICAL
TRANSACTIONS
OF

existence of what is now called the pseudo-elliptic integral; the present memoir is
intended to show the utility of this integral in its application to mechanical theory.

Provided with a list of these integrals, proceeding from the simplest case and
extending as far as possible, the student of applied mathematics will be able to effect
the complete solution of many interesting mechanical problems now abandoned in an
unfinished state; at the same time, the exploration along the simplest lines of
progress is effected of the general analytical field, and mathematical research is
guided in a path likely to arrive at useful development in the theory of elliptic
functions. ‘

The problem of the Division, and thence also of the Transformation, of elliptic

A
A

|
B

A

a

S

functions is solved incidentally; as also the difficulties raised by LrceNDRE in his
letter to ABEL, of January 16, 1829 :—

“ Mais de 14 nait une difficulté sur la division générale des fonctions elliptiques,
“ Admettrons-nous cette différence ¢énorme entre les fonctions de 3™ espece &

THE ROYAL
SOCIETY

parametre logarithmique et les fonctions & parametre circulaire, savoir que les
premidres peuvent s'exprimer par une fonction de deux variables, facilement reductible
en table, et que les autres ne le peuvent pas? Il y aurait done par le fait quatre
espces de fonctions elliptiques au lieu de trois, et la quatridme serait bien plus
composée que la troisitme.  (est un point qui mérite d’étre examiné et mis au clair.
Je le recommande & votre investigation et & celle de M. Jacorr.”

VOL. CCIITl.—A 367. 2w 3.8.04
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218 PROFESSOR A. G. GREENHILL ON THE

But a mere change of sign in ABELS results is sufficient to pass from the
logarithmic to the circular form of the third elliptic integral, and as it is the circular
form which is of almost invariable oceurrence in dynamical problems, we shall adopt
it as our standard form.

Applioation%' of this third elliptic integral are introduced in the course of the
memoir to these problems, such as Poixsor’s herpolhode, and the spinning top or
gyroscope, the spherical catenary, the velarium, and the elastica under uniform
normal pressure.

References to former articles on the same subject in the ‘ Proceedings of the London
Mathematical Society,” vols. 25 and 27, are given in the sequel in the abbreviated
form, L.M.S., 25 or 27 ; frequent reference is made also to Kirperr's articles on
the theory of elliptic functions in the °Mathematische Annalen’ (‘Math. Ann.’
vols. 26, 32, 37).

1. Working then with the third elliptic integral in the circular form, when the
elliptic parameter v is a fraction of the imaginary period w,, we change the variable
in the standard form of W EIERSTRASS,

" > ls/’) U CZ'M — ?: 10g (’,NSVP /\/ (’Uz '-~ I‘) (])’

Yopu — oo (u + )
by putting
PU — 0 =8 — o, Pu=2>5 (2),
we = /=3, v=fo (3),
where fis a real fraction, so that the integral changes to
i/ =32 ds . w(eo=10) 0 (1 — v)
2V, = =1loge o e 4
|23 gT s 0 (u + ) (4)

(where the elliptic arguments % and v may be supposed for a moment to be normalised
to the Jacobian form), and s is an elliptic function of u which we may denote by s (u),
differing from WrrErsTRASS'S 90 by a constant, so that

S(wy=9¢u, " (w)=¢"u...,
while

c=s() W)=/ %

Considering that (HALpueN, ¢ Fonctions Elliptiques,” 1, p. 222)

0 (1 — v) (5)
0 (1 + v)
is an algebraical function of s when v i an aliquot part of a period, we take
610»{—1)) j’ P@)(s—o) =4 /=2 ds .
6),
¢+ log (v —v) s §— o NG (6).
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THIRD RLLIPTIC INTEGRAIL AND THE ELLIPSOTOMIC PROBLEM. 219

where WP (v) = Zv — v (7).

and denote this integral by 1 (v), and work with it as our standard form of the
elliptic integral of the TIT. kind. -
The function employed by Havrnen (*F K. 1, p. 230) is now

b(u, )= (s—o)exp{ wP(v)—1l(v)} (8),
¢ (u, —v)= /(s — o) exp {—wP (v) + 11 (v)} (9),
and is a Lamé function of the first order, satisfying his differential equation

1 dp - o -
& du® 20u — Pv =0 (10);
thence the Lamé functions of higher order may be derived by differentiation, as shown
by Hermire, ¢ Comptes Rendus,” 1877, and these can be employed in the problems
considered by Professor G. H. Darwix, in the ¢ Phil. Trans.,” 197, 1901, « Ellipsoidal
Harmonic Analysis.”

In the Hermite-Jacobi notation we may take

_ 000 (v — v) O0H (v — v)
¢ (u, v) = Ous exp (uzsv), or oy | P (uznw) (11).

2. Next introduce the x and y employed by Havemex (‘F.E.] 1, p. 103}, which

may be connected with the «, b, and p of ABEL’S notation (‘ (Huvres,” IL., p. 155) by

1603 4ab
==y, Yy=—1l—-"" 1),
R » (1)
and put
P (0) =8 = 45 (s + 2 — {(1 +9)s + ay)’ @)
s (u) = pu + (1+ yl);: — 8 (3);
then if we put :
s—o=s(u)—s(v)=s+w (4),
oc=s(v)=—a, ¢@r)=— (1+ ?/]); + 4% (5),

() =uw (v)= /=2 =2 : (6).

The multiplicative values
s(2v), s(3v),... s(nww) (7),

15" (20), w8 (3v), ... a8 (nw) (8),

can now all be expressed rationally in terms of x and y, with the y functions of

Haverex (‘F.E. 1, p. 102; also Aser, ¢ (Huvres,” 1L, p. 159 ; MoNTarD-PoNcELOT,

¢ Applications d’analyse et de géométrie,’ t. 1., Paris, 1662), by means of the recurring
formulas oy , v,
— o — 5 L fom—n . —_— ran

s (mv) — s (nv) = x N v (nv) = x'y,ﬁ (9).

2 F 2

ol
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220 PROFESSOR A. (+. GREENHILL ON THE
Thus
s(v) = — &, w () =2 (10),
5(20) =0, 18" (20) = xy (11),
s(3) =y —wm, W)=y —z—y (12),
s (4v) —_— T—(Q/y;— @) x, is (40) = 2" (y —»— l{;) —(y—a) (13),

ay — Xy — =y
s (dv) =" ((/’2,' — ) ) x,

e — =) (xy — @t =)
s (6v) = ( (7/)_(_ ; — ) ) x,

i (o) =y W ey —e— ) = (g —aPh = (g =2 =) g
| ' (y —x— 1)

N . L S SOAY:
i (50) = ¥ (@Y =@ =47 = vy —e=g) (1),
(y — )

— Yo Yu—g
= gt /2L

3

Yo
s (wv) = ot }’1:-*;;%//—1 —, 8 () = wzﬁ’; (16).
i K3

3. For the determination of P (nv) we have the formula (HavemeN, * F.E 1, p. 102)
o (n’?)) , et ,
SN =y, = (¢'v) 3 +, ) 1):
PO = ) =) 1)
whence, by logarithmic differentiation,
nP (v) — P (nv) =i (nlv — L)

0t = 1" 1 dy,
3n v o wy, dn

n*— 1. L /8y, de | 8y, dy"
="=1 CE (Y By OYu Y 2).
3n (T+y)+ n'yn<8m dvi + Sy Clm) (2)
Now for every homogeneity factor, and as elliptic functions of degree zero,

20 _ s'20
= V2 _ 520 3),
v s'v (3)

Ldy _ ,9"20 9"

ydve — Tag'2v gl

—o20 —xy(l+y) _«(l+y)
xy @

:45—3u+m oo (4),
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THIRD ELLIPTIC INTEGRAL AND THE ELLIPSOTOMIC PROBLEM.

and o= (920 — pr)?
' e
Ldae 20920 — 9'v @”77
xdvel i @20 — oo <l
= =32 T 21 4y)
=1 — 8y
so that
, w2 — 1
WP () = Pm) ="~ 1 (1 49
3y,
| -+ n;{ (1 —8y) g 8"" + (4o — 3y — 3y°) SYA
Thus, putting n = 2, 3, 4, . . .,
2P (v) = P(20) =4(1 +y)
3P () —P(3r) =1

AP () = Plar) =30 +y)+"

_ Y
() =Py =14 a0
6P (1) = P(00) =304y +14 Y70
P()—P(r) =24y+ 20
SP(0) = P(30) =H(1 4y 24TV

9P (v) = P(9n) =3+ = xt (y “YT — )

L0P () — P (100) = & (1 4 1) 4 0

10

Ny = 224 (1 + ) + a* (= 6y + o* + y') + 2* (6y° — 6y° — y")

+ (=20 + 4y + ) — oy =,

(17),

Nll
Vi

Ny = 32° + 32* (— 3y + o°) + 2° (9" + 29° + 8y")

11P (v) = P(1l1v) =

221

(5),

(6),

(16),

+ 2 (— 3y® — 15y" — 9y° + 5¢°) + w (12¢° + 3y° — 27 + 4°) — 2 (v° + ¥").
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222 PROFESSOR A. G. GREENHILL, ON THE

4. When v is an aliquot ™ part of the imaginary period 2w, so that
2w, 2rm.,
e v, or ’
M /1;
and pe is congruent to a period, then

Ppr) =, P@me)+ P —m)o=0 (2),

so that pP(¢) is given by equation (7), § 3, by putting n =p — 1, with the
additional condition that

s(pv) = o, (Mw) s — m)v = (3),

¥, =0 (4).

or
Thus

Y= 0, SP(0)=4(1+ ),
(v)
)

i

v, =0, 4P(v)=1,

yo=0, 5P()=140+oa)

ve =0, 6P (v)=2,

v =0, P(U)=.lz(1+l/)+1+

— D — p et
vs = 0, 81(1})_2+y+y_x,

vy = 0, ()P(?)):%(l—‘—-z/)—l—l.*_;_‘__ Yy ,

Y —

yin =0, 10P(w)=2+4y + + y(y — )

— =

y; =0, P (5v) + P(60) = 0, so that adding (11) and (12), § 3,

HPe =2+ o MU,

oY =L =y
and, similarly,

=0, 18P () =34+ 51+ + ;j{f?—g% 4ol =@

—-Y Y7
yi5 =0, P =44y+ 51 +y+" (y +(y—x,(:%y—-m—,,)
7 8

=0, TP =543 4y +W N —2=r) ==y

| s - 7’()

D N

=0, 19P = 3 11 </ x gy o

Y19 ) (v) + 3004+ y) + by, + e

Yor = 0. 21P () =4 (1 + y) + Ny + va.
‘ Y10 Y1
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THIRD ELLIPTIC INTEGRAL AND THE ELLIPSOTOMIC PROBLEM. 223

The ellipsotomic problem of the determination of the division-values (7heilirerthe)
of the elliptic funetions resolves itselt’ thus into a consideration of the curve in x and
y given by this rational equation (4), which may thus be called the ellipsotomic
cquation, by analogy with the cyclotomac equation for the cireular funetions ; and the
problem may be considered solved when w and y can be expressed, rationally or
nrationally, in terms of a parameter ; according to PoiNcars (* Bulletin de la Société
Mathématique de France, 1883, 11, p. 112) this can always be effected by uniform
functions of an independent variable.

The details have been carried out in the ¢ Proceedings of the London Mathematical
Society’ (L.M.S.), 25, for values of u up to 22 inclusive, omitting 19, which still
remains awaiting solution.

When u is an even number, 4n + 2 or 4n, s ($ur) = s(rw;) 18 a root of S = 0,
so that the cubic S can be resolved into factors, and we can employ the functions of the
Second Stage of LecrNvri and Jacosr, as required in most dynamical applications.

But when g is odd, this resolution cannot be effected algebraically, and Wirmg-
sTrRASS'S functions of the First Stage must be employed.

The ellipsotomic relation (L.M.S., 27, p. 405)

N —— ¢ y (H" - /“/) — —2n
, =0 and 7(’”) = N\ (5)

wodd, N= ﬁ;(/* + 1) , =7 5(p+3) . (6)
' y&(p—1) Y& (e —3) ’
1 3 1
\ A==V @ (v + 2) Ak :}’,2,,(# + 4) )
pee Ty He—2) y e — 1)’ )
Writing » for A , and o for w,,
onw .
(ooy = Yo (0) =0, (8)

(Havemen, ‘F.E. 1, pp. 102, 198); and changing » into p — », and dividing,

o(p—mn)v .

oy = [ooaihe s (9).
But '
o(p—nyrv =020 —nv) = """ gnp (10),
so that ’
e 1
¢TH oy = 2t Nk (11),
and generally
oty R
0w g = Nk Yo (12),

and this is Kiepert's function r <-27%(3>, defined in ¢ Math. Aun.,” 32, p. 6.
143
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224 PROFESSOR A. G. GREENHILI. ON THE
According to Havrren (‘Math. Ann.,” 15, p. 359 ; < Comptes Rendus,” March, 1879)

H (nv) H (0)@*=9, ,

5. The integral employed by Anur, changed to the circular form, can be written

Az .
J () = {—1 \/—ZK dz (1),
Z =z — (A" + Be + C) (2),

and, as pointed out in the ¢Archiv der Mathematik und Physik,” 3. Reihe, 1., p. 72,
this is exactly in the form required in the problem of Litvy’s ‘ Elastica, with z=2%/«?
We reduce it to our standard form in (4), § [, by putting

s —sBy) _ oy :
T os(u) —s(0) T ! sz (),
L ‘ 1
7 — oy (A2 - By 0 .
7 =z — (Az* + + C) (5 F @) (4),
so that
22 B )2 = Y %S
(A2 + B+ CPFr=1— sbw (s o 2)'
_ (2 = (L) k) ol .
4 (b‘ + ;’L')’l‘ ’
2 ; L 1 —{- Y 2
A2+ Bz 4+ C=1 2 (s -+ ) - 2 (s + o) (6),
and therefore
_ _ —Zrty+y —e—yty
A= 2 B= 21 ’ b= 2 (7),
A+B+4+C=1 (8),

and z — 1 15 a factor of Z corresponding to s = .
More generally, with
s(u) — s (3nv
My = 8 (1) — s (3n0) (9),

s{u) — s (nw)
so that 1/M is the value of z corresponding to s = oo ; then in ABELS notation,
changing the sign of z and Z to obtain the circular form,

1Q8

7= pz — (2% — az 4+ DY = 10
Zi=1p ( az + D) f e () 1 (10),

o o ps—s(3nv) Qs N i1
(" — w4 b = M s —s(nw) 4 {s—s(n)tt  4Ms (h).
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THIRD ELLIPTIC INTEGRAL AND THE ELLIPSOTOMIC PROBLEM. 225

on putting
§ = s(mv) =t (12),
and
N = 4pi? |t — s (8nv) + s (1v)}

— AMQ §t + s (nv)} {6 4 s (nv) + «}?
+MQ {(1 + )t + (1 +y)s(nv) + ay}?

= 4pt* — 4p {s (8nv) — s () + MQ} £
+ MQ {(1 + »)* — 82 — 12s (nv) } * — 2MQs" (nv) — MQs” (nv)  (13),

which is a perfect square in the form

N = [2 VPt — \/p {S(Snv) — s(nv) + MO} t 4+ o/ MQis’ (m)ii
P
== {2 Vot — A/ MQ : i §7w§ + V/MQis (m))} (14),
implying that ’
s (3nw) — MQ MQ s” (n0) ~
(81w) — s () + PR (15),
B;Q (1 4 y) — 8z — 125 ()} = %)Q {QEZZ)} V MQ (nv)
= I\%Q (1 -+ y) — 8x — 4s(2nv) — 8s(nw)} + 4 '\/ =g (nv) - (16).
| MQ _ v’ (nw
N = ) )(nv) (17),
which also satisfies (16).
Then : (
Mp=1—°% (3nw) - s (nw) (18),
t
and
2 \/pﬁ \/MQ _?}1); ¢+ /MQis (n@)
Z—art+b=—— —

2/M¢? N
_«/P 1x/QS (m') =Mz +1 \/st’(n@){ 1 — M2 }2 (19),

nv)s (37w — 5(nv) (Snv) 5(1@@)

requiring the relations -
— .1-_. Y S — ,’J_ . - 20
L= /Qis’ (m) {5(3nv) — s (nv)}? (20),

1 "(nv) 1 28’ (nv)
o=3M/Q [ ' () s (8nw) — s (nv) + {s (8nw) — s (nv) |2 J

1 s (2n 1 ;
=iM \/Q Ean;  (3n0) — s (nv) (1),

VOL, CCIIL—A. 2 G
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226 PROFESSOR A. G. GREENIIILI: ON THE
’ S v
b e Py o (o) Ly )
\/M V@ s (nv) s (3nv) — s () 20 {s(Bnw) — s
= /Q {S(Z?’L’U) — s () s (4nw) s (2n0) — 25 (m;)}
o s’ (nw) 2u (nv)

- — Q" (4nv) — s (2n0)

218" (nw)
Now
M dz = %‘i@.ﬁ'ff@’); s () gy

" Q5

g0 that
dz s (3nv) — s (nv) ds

Vi~ MyQ /8
M.,/Q =2 {s(8n) — s (nv)}
V' Q = 215" ()

Mo S (Bm0) —s () s (2n0)
- is’ (nw) T s (200) = s (no)}?

and taking

so that

we obtain from (17), (21), (22),
p = 418’ (2nw)

s” (2n0)
CL : ‘,_; N L
s’ (2mw)

b= —s(4nw) + s (2n0v)
and ABBL'S integral

V:— kg, f { i (o) W{)} s
N/ s (3nv) — s (nv) t VS
— (2P ()t =i (o) ds oy,
= ()8 )
on taking ‘
= s’ (nv) — 2P (no)
s (8nw) — s (nv)

= P (2nv) — P (4nw) = L a — P (2nv)

Putting 2nv = w,
_

p=4d9'w, a= L 49" w
~ 19w

(29),
(30),

(81);

(32),

(33).

(34),
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so that ABer’S recurring formula for ¢, (¢ (Buvres, 2, p. 157),

5P [0
9 + Qg = 2P 9 9P
Gn—1 Qn—1
becomes
@20 90

on+ 5 Qng=—

T T

and on comparison with the Weierstrassian formula,
o2 'S,J//,w
pim+1D)wt+e(m—1)w—20w= >
(m 1) w49 ) (Pmaw — pw)? + pmw — Pw
we infer that
Y@ = — Pmw 4 pw
From another formula,
@//,Mi )

pm+Dw—pw=>%—""— —]

_ 1 9w (9'mw — ¢'w)
2 omw — Pw

(pmw — pw)?

[

ABrr’s relation

Cuy — Qo — 19 (m 4 1) w —Pw} (Pmw — Pw)

pm —1 p ?:W/'l 0
4w 1 @ mw — '
290w T 2T o — pw
and
P mw — Pw . . .
Lo 7 R = gl (m A 1) w — ilmaw — 1w
Pmw — Pw
= P (m 4 1) w — Pmw — Pw
so that

Gy = 4 — ;—;i”iil =4%a—P(m+1)w+ P (mw) 4+ P (w)
P —1

Writing w for ABEL'S n 4 2, his £ is given by (2, p. 161)
ph=@—1a—(g+n+ ..+ 7g.-)
=pu—1a—(p—2)a+Pp—1)w—(p—1)Pw
= 4 pa — pP (w)

as before in (33), since

" P(p—1)w= —Pw
With
n=1, w= 2w,
M=Y p = 4y ast-—-u—-ﬁy? Z,:._m?/""fﬂ?“?/%
2’ s y 3 y2

227

(35),

(36),

(37),
(38).

(89),

(40),

(43),

(44).
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228 PROFESSOR A. G. GREENHILL ON THE

But with
n=%(p—1), ew=pew,

M= gy P40 a=l4y b=—u

k=P @) —-P(20) =P @) —P(p—1)v=2P v

6. In the simplest case of

eolno

p=38, v=%aw;, x=20

the form (6), § 1, is illusory ; but we take (L.M.S., 25, p. 210)

‘ 2 ()9+ C
Lo = [ i T 6o @

{ (48
= Log—18 l g 5 L 12/ {45° 28(~3 + o)}
and putting s = ¢,

T2 oog—1 V2042 +0) 2 h 1/ (28 — 1 —¢)

3 28 3 2t
Writing o for w,,

1203 0=—1, Wio=c 1((to—29)=1% ¢ ‘0clo=c}

=g log[(z+afz 4 5p+ (2 + ) V{(* + a2) + pz}]
= 3log[(z+a) /2 + /{(z+ a)z+ pt]

and with

r=y, p=—q
J=%log {,/ (¥ + ay+q) + /(& + ay — q)}

= 1¢h M?/ +a't/+q__,gh~1«/y +ay-—q

Or, in the circular form,

— 4 cog=! YA4oy+q_ a4 —y—ay+q
J = % cos V 5 = % sin /\/ .

j ,y9+%w
Vi= P (P a) + g%

wo!

dy

(47),

(48).

(5);

(6).

(7).
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THIRD ELLIPTIC INTEGRAL AND THE ELLIPSOTOMIC PROBLEM.

In the next case (L.M.S., 25, p. 213),

p=25 v=2%re, s(bv)=ow, y=uw

!’lo— + @) s—i—w)-—gwds
(s + @) /8
1www+m@+@ — (14 20) (s 4 ) +
5 2 (s -+ )t
1 St x—1 S
55111 <g+%) V4
I (20) =§—%()— 1—5-390)<>‘—-§902dS
s4/S
— Lot (1 — 32) 8" — (22° — %) s + a*
5 2st
]. . 18"'%2
= 2 /S
=5 s gV
_2me R
1202 w=—1—=6x—u% wWio=muy, P%w:Sl—}(—)m, e ;"’U%w‘—'—‘-w :
— 8y B
120w =—146x—2a? ¥%e0=2a P%w:l“ﬁ%, CEoto=a

and a* is the icosahedron vrrationabity, and Kigperr's f~! = .
In ABeLU’s form, with y = «, Z has the factor z — «,

Z=rz—x)[—24+ 24 2)2*— (1 —22)2 + «]

)
and putting z —x = %, ABEL’S integral

[2=Fde =21 (20), with & ="+ 2

N/
Putting s 4 = #*,
1(0) = 2 gosmt (L D V/E200 — (1 = @) £ — 2t + ]
5 2t
= 21 (E = 1) /{26 + ;t* ) B — 2wt — w}

and the degree of the expressions is halved, with great gain of symmetry.

The degree is halved with greater ease by putting s = ¢* in I (2v), and now

I(20) = ? ool (&) /{28 + (12;— @) 2 + 2t -+ 2%}
= ? gin~! (t “f‘ x)M{ U3 = (12;-- m) 2 _I_ Ol — 909}

derivable from the preceding T (v) by writing L for t, and — L for x.
x @

229

(1),

(2),

(3),
(4),

(),

(6),

(8),

(9),
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230 PROFESSOR A. G. GREENHILL ON THE
8. This suggests that in the general case of p = 2n + 1 it is simpler to work with

P (20) s — fay

1(20) = | ) ds (1),

and to put s = #*; and then with

T, = 20 + (1 4 y) * 4+ 2xt + xy (2),
Ty = 263 — (1 + y) t* + 2t — ay (3),
we shall have
2 Tt Dy
e S (v

2 U b (= 1Yy
= T L 4 or /T 4),
2n + 1 Sin 2tn+% (\/ 2 1 \/ ]) ( )
according as 7 is even or odd; and the results are of one-quarter the degree that
would be given by Asur’s method of the periodic continued fraction ; and since

(00 Iyt b PT  ( — By )T, = et (5),

the determination of Ay, Ay, ... can be carried out by a consideration of the réduites
(Havennw, < F.E., 2, p. 576) in preference to continued fractions, once the coefficients
of #in T, and T, have been assigned.

9. Thus (L.M.S., 25, p. 222) for

po=17, ©v= 27(" , Yy =0, or xy — @ —yt =0 (1),
is a unicursal C;, in which
w=z(1—2P y=z(1—2) (2),
and }
T, Ty=26* + (1 + 2 — 22 1* + 22(1 — 2)*t £ 2°(1 —2)* (3)
— 5.2
P(ao) = 2= 27 (@),
14
2 L2 (] o 2) AR
I(20) = (B(Z@)ﬁtﬁ» 2 (1 —2) ({f__”,
A t VT,
=2 1 Pt A Dy
=y 0P 2 VT
DA e N
= i sin km“él[“}‘ 2/T (8),
Ty = (1 — 2% hy=2z(l —2) (6).
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THIRD ELLIPTIC INTEGRAL AND THE ELLIPSOTOMIC PROBLEM. 231

Introducing a normalising homogeneity factor M, so that the substitution

/ 1 z — 1\ - ) .
(z, T ) should correspond to (v, 20, 4v),

1 -2 z

M =2 (1 — 2) (7),

derived from (L.M.S., 27, p. 453),

SN A SVON 3
B=MMM, M = " (re) e v’ 8

M= AL M= ) = o0 T v (®)
1200 — 1 — 624922 — 20 —2t a1 Pl) _ p—z—2 (9)
M2 2 (1 - z)’ oM T M 142 (1 =2y ’
12020 _ = | 46z — 152 + 102° — 2* 9’20 _ P(2v) _3— 92452 (10)
M 2 (1 — z) M T 7 M 1424 (1 = 2z)? ’
1204 _ — 14 62— 3" — 28—t iy 2z P(0) =143+ 32
M = S0=2 W T M T (g (D

— e e (1 —2)7h exp - Byo 4o _ 727 (1 ~ 2y,

— 18n0 6o __

eXp -y Oy = (1 —2)7F (12).

In the notation of KreiN-FrickE, ¢ Modulfunctionen,” 2, p. 399,

7B = — (L —z+ 2 —- — 4 { P(w)+ P <2”):{iP(4U)}2

2l —z)} M
v 4 920 -} p4v G,
- —4G 1
! e M? (18),
1 — 82 + bz -+ 2° 1 z—1
— 1 T I T 5y, R S 14).
z(1 — 2) +d+1—-—z+ z (14)
10. With (L.M.S., 25, p. 232)
p=19, v= 2re ) (1),

9
vo = 0 is a unicursal C;, in which

e=p(L—=p)(L —=p+p?) y=p(1—p) (2),
Ty, Ty=20 £ (14 p* — p*) 2+ 2p* (1 = p) (L = p+p)t £ p' (1 = pP(1—p+p) (3),

and from the relation

P (40) 4 P (5v) = 0 (4),
— 4L vy
Py =140+ + + T (5),
4 © g 4
8P (20) = 4+ 2(1 )+ 4, + o~ 91 4y)
=14 0—3p> 4 7p? i - ; o (6),
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492 PROFESSOR A. G. GREENHILL ON THE
A ,
1(2v) = {P(‘Z?) t T yay dit
t /YF 711

= 2 O ;; e ST

= /zé-+ hot — b,
I ) 3 N .

Csin

Nl NN

= —=p(L=2p), hy=—=p"(L=p+p?), hy=p1—=p)(1 —p+p’) (8).

The substitution ( P, r ; 1-, 1—]-:29 > will correspond to (v, 2v, 4v) with a normalis-
ing factor
M = (M;M,M,}} = p (1 — p) (9),
and
1200 _ — 140~ 6p>+ 10p> — 9p* + 6p° — p® 9y _ 1 —p+ p? (10)
M p*(1 —p)* COME T p(L—pp o
12020 _ —14046p>—14p°+ L5pt—6p° —pf 20 __ p (1 —p + p?) (11)
M2 p* (L — p)? M3 T L—p o
12040 _ — 14 12p—30p*+34p° —21p*+6p°— p® 1¢/dv _ (1—p)(L—p-p?) (12);
M2 T j32(1 _ P) COoME T pg + )’
while
12030 _ — (= 1+0+3p"—p°)° _ [63(3”)]2 w30 _ | (13)
M? P? (1 — p)? M OME T P

unchanged by the substitution.
Also
PV 4 920 ++ 930 + 94 (— 1+ p — p?)? ,
o = M? T 3pr (L —p)? (14),

a quantity required in the transformation of the ninth order; and

M 18p (1 — p) R
M 18p (1 — p) ’
P(aw)  — 7+ 18p — 15p® -+ bp°
M 18p (1 — p)
P(30) _ —14+043p—p _y_é+3 17)
M 6p (1 — p) 6~ 6 o7

(Kiepert, ¢ Math. Ann., 32, p. 66).
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THIRD ELLIPTIC INTEGRAL AND THE ELLIPSOTOMIC PROBLEM.

21w

11. p=11, V=7 v =0
(L.MLS., 25, p. 241 ; < Math. Aun.,” 52, p. 484), leads by the substitutions
A B
x =y (l—2), =Y =

to the bicursal C,

t(l=2)+c(c+1)P=0
1 —=22=,/C, C=dc(c+1)+1
x=—2%c(l4¢)(1+ 2+ ,/C)

24c¢— 40 =26 — 0 SO
2(1+¢)

—¢—4¢* — 26 — ¢ /O

2 (14 ¢) by =

y:

We now find 4
P (20) = 6 -+ 27¢ + 446 4 18¢° -+ (8 4 13¢) /C
44 (1 + ¢)

1(2v) = j P@v)t* —$xy d* 2 cos—1 th+ ht® + hot* + byt + b, ST,

A VI, 11 2"

‘ ] 3 %
— ’_[Zi* S,ill—1 t - hlt "I'— gzi‘- ]l3¢ +]?/4 \/'1‘[
2 Te b 106 4 et 4 (2 4 3¢) /O

b 2(1 4+ ¢)

__ 14100+ 406> 4 82¢° 4+ 86¢" + 40¢” 4 6¢" 4 (1 + 2¢)* (1 +4¢ 4 2¢%) /O
2 (1 + o

fry =

hy = — L[14-80428¢2+ 526+ 5067420654 2654 (14 2¢) (14-de+6¢2+2¢%) /C] (10),

c

b, = ,2<1._F,7)[1+11+54+151 42554254+ 135+ 32424 (1 4¢)?
¢
(1474 19422) +5) /]
using detached coetficients.
We find also
P, +Q, /C . a, + b, /C
Pv)= 7T VY q9epy = T OV
(rv) (1 +0) v 2 (1 + o
P= 14419+ 0 — 27 Q= 44+ ¢
P,= G4 27c+ 44+ 185, Q= 84 13¢
— 24 13c4+ 0 — 6% Q= 124 3¢
12 4 43¢ + 44¢® + 14e?,  Q, = — 6 — 9,
P, = 44+ 74+ 0 — 105 Q= — 24 be
and the values of @, and b, are given in L.M.S., 27, p. 455.
VOL. CCIIL.—A. 2 m

where

'p-t{
i

a
B

o
L~
'
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234 PROFESSOR A. G. GREENHILL ON THE

The normalising factor is

M = (M, M,M;M M) (14),

but so far this has not made evident any symmetry of results; it will be noticed that
our parameter ¢ here is an elliptic function of (L.M.S., 27, p. 429)

U = r \(/ZE (15),

which is g%th of a period out of phase with that required to lead to KLeIN's results.

27w

2op=13, v="00 = 0 (L.M.S., 25, p. 251; ‘Math. Ann.; 52, p. 484)
by the substitutions
c=y(l=2) smy=5, s=clp—1) (1),
leads to a C, with class p = 2, in which
2p=1—¢"—c 4 ,/C (2),
C= 1 4 de 4 662 4 265 4 ¢ 4 265 4 ¢
= (1 4 2¢ — ¢ — &) + 4 (1 4 ¢) (3),

and we find, using detached coefficients of ascending powers of ¢,

—}—]2——9—33+4+8—18-—H—}—(4—!«0-—1)—{—7—}—1[)\/(/
P(QU) 59 (l+0) (4)’
N P2v)tt —§ay dP
T(20)= | ‘22 ;
(20) E RV N
— 123 COS_—X tS + /t](fliét'l;. .. + /l5 \/Tl
=123sin ht';—‘ - ,,f‘]?s\/Tg (5),
p 14 2—-3—=9414+2—-5—=3"4+(1+0—4+2+4 3¢%)/C .
= , ) — 3+ Y),
2(1 4 ¢)
i :A + B, /C
2(1 +c¢)
Ay=—1—4—1416415—26—28+4+28414—38—2046—5—10—3c",
By=—1—2444+9—7—154+ 12414 =7 =247+ (7),
2
he = A, + B, ,/C
2/3 (1+ )G( + 3\/ )

Ay=1+46+7 —26—64 4 24 4 154 — ( — 222 + 32 4 266
410 — 109 4 104 - 143 -} 22 + 4 4 324 21 4o,
By =1 +44—2—25— 10+ 61 + 27 — 97 — 28
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THIRD ELLIPTIC INTEGRAT. AND THE ELLIPSOTOMIC PROBILEM., 235
ct :
— o . /(Y
M=y o (A BLO)

A,=14+5+3—=21 —21 4564 46— 114 — 39 4 158 — 3 — 135

52491 —37 =224 35+ 14 —5+ 2+ 442,
B,=1+3—4—15+4 14435 — 41 — 37 + 65
. +12—61 48481 —16— 144541 —3—aB (9),

—_ CG, 3 y
hr) — 9 (1 + (;)7 (AB + PS \/(’>’

A, =147412—22—74+ 384223 —76 — 448 + 205 + 614 — 403 — 551
+ 555 + 365 — 442 — 684 353 447 — 99457+ 76 +7 — 1+ 104+ 6 4 ¢*,

B,=14+541—28—=16 491 + 35 — 205 — 2 -+ 301 — 97 — 290
+ 169 4+ 120 — 176 =79 4+90 4+ 0 —54 —7 +7 —5 —5 — % (10).

By means of an appropriate homogeneity factor M, we can express

52 P (rv) _ 1290 \
Y =P 4+ Q, /C, AR =a,+0,,/C (11)

in such a manner that the substitutions

/ 14c¢ |
le, — = "5, — = ) correspond to (v, 3v, 9v
\(’ c 1 + 0) pond ( )

(V/C, — /C) to (v, 5v)
(LLM.S., 25, p. 255 ; 27, p. 416), and
M = (M\M,M,;M,M ;M) or (M,M,) (12).

and

3. p=15, »= 27{‘;" (L.M.S., 25, p. 258; ¢Math. Ann.,’ 52, p. 485),
vi; = 0 1s reducible to a bicursal C,.

Changing ¢ in L.M.S., 25, p. 259, into b — 1, and normalising by a homogeneity

factor
A\ V4+b+1 b — 304 1))°
M = (M1M1) — {«/( "+ 04 ) "; x/(’ , + )} (1),
(PR — 1S A
LEv)y=\|"" 2" — =
} A «/Tllg
L2 = HE .,
=% cos o VT,
2 . 4t +HPL+...4+H, . ,
= 1»5~Sm 17+ 1;; - 26/, (2),
T,T, =24+ Qt* + 2Rt + S ' (3)
2|2
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256 PROFESSOR A. G. GREENHILL ON THE

= (b= 1) (B8 = 25— b =B B0 1) = (b (D=0 30— 1) B
B (B b+ 1) |

B=(0*+ b4+ 1)(1* —3b-+ 1) (5),
(he 1) (P =4+ 3+3—2—3+2+42—1)/(B2+b+1)
R © (=2 =11+ 2—1 =24 041) /(b —3b+1)] (6),
M? 2t /(1 + b+ 1)
Q=Y (b— 1)

M3 27)5“(1)9:{— b+ 1)
(2641041 —=10—=64+124+6—9—54+442~1)/(0*+D+1)
+ (02 —d4+2454+2—8—44+6+5~3—44+041)/(0*=3b41)}  (7),

p = P(20) _(h=1)(130° =50 =9+3421-+0—7)+(130° =30 +4414+0-7)/B ¢ ).
M . 6003/ (b*+ b+ 1)

Differentiating (2) and equating coefficients of ¢ we find

Hy = -4 (5P + Q)
:(7/g-1)(—%b0+7+2—-1—- +o+2)+(-—~ B HT—1=3+0+2) VB 0
b/ (0 4 b4 1)
H,= — LR+ 1(15P = 3Q) 1
_ (b—1)(My+ N, /B)
200 (b* +0o4+1)
M, = — 6% 433 —49 4+ 048458 —22 —39 40+ 24+ 4 —8—1+41,
Ny= — 601427 —28 — 1349428 =7 =184 14+7+0—1 (10)
i — (0 — 12 (M + N, «/B>_
’ Wb+ 1)
M, = 40" — 31 4 80 — 61 — 21 — 54 4 159 4 16 — 113 — 85
97 +90 —41 — 64 472942 —8—1+1,
N, = + 4017 — 27 4 57 — 23 — 83 — 34 -+ 84 + 30 — 65 — 46
442440415 —21 + 347+ 0—1 (11);
H, = .(b - 1)3 (M4« + N4 \/B)
* 90 (1 + b+ 1)?
M, = 562 —49 4 175 — 247 4 48 4- 8 4 468 — 380 — 435 + 93 + 684
48 —576—234 4+ 3504252 —124 — 1504+ 18 4- 54 43 — 11 — 1+ 1,
N, = 50% — 44 + 186 — 145 — 39 4 28 + 303 — 145 — 325 — 19
+ 362 4 69 — 267 — 120 + 131 + 93 — 38 —41 + 54+ 104+ 0—1  (12);

>
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I (0= DM /(0 £ b 4 1) + N5 /(6% = 30+ 1)
o 20" (0% 4+ b 4 1)

M, == we DB 13— 684176 =209 4 434204305~ 359 — 23542984413
—308—437 41914+ 386—70—260—=3-+130 421 —4d=—1149+20—1,
N. = — 0¥ 11 —46484—43—23—1004+2154-59— 197 —210-4-231

4274 —143—297 + 344230440 — 127 — 54445432 —7 — 904041 (13);

H o— _ _ (=1 (M o/ (B + Db+ 1) + Ny /(D> — 3b + 1)}
S R 201 (0 + b + 1) ’
M= — D¥ 4 15—93 4299 — 494 4298 + 76+ 387 — 1151 + 128 + 1216

4370 —1762—6194 17204982 — 1349 — 1086 + 773 4+ 891
— 288 —540+ 364232425 —65— 13+ 11+420—1,

N,= — b®413—67 4165 — 166 — 10 — 56 4 513 — 285 — 588 4 26 4 1062
4152 — 1165 — 560 41014 — 827 -~ 594 — 815 + 1689 4 562 + 64 ,
—266—100-+754+49—9—11024+0-F1 (14).

These calculations, as well as for p = 11 and 13, and their verification, were carried
out for me by Mr. J. W. Hicks, of Greenwich Observatory.

Putting
1200 a,+0,/B (15)
M2 728 (/} S+ 1) o
then, since
An
]?&g?’ = — Q¥+ 81 (16),

we find

dy= — D 14 —43 428 419422 — 54 — 12430422 — 17 —8+54+2—1  (17),

by, = —(7)—1)(1)”——12-—{—19—]-—1.1—9——19—]—5—}-15—1~—5+0—|—1,) (18).
The substitution <b, %) changes v into 4v, 20 into 8v, .. ., so that ag and bg are

obtained from a, and b, by writing the coefficients in reverse order.

tg== — D4 245 —8— 17422430 — 12— 54422 +194+28—43414—1  (19),

by=—(b—=1)(0"4+0—=5—14154+5—19—9+ 11 +19—1241)  (20).

Again, since
12¢v

i = Q@ —aR ‘ (21),
we find

= — D" 4245 —8—5—2+4+1840—18=-2-+7+16—7+4+2—1 (22)
b == (=10 F0—5—1434+5—7=9—1+4+7+0+1) (23),

and in a., b. the coefficients run in reverse ovder,
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So also
P@) _ (0=1)(=004043494340~11) 4 (=l +042—8—0~11) /B (24
Mo GOD* (B 4 b+ 1) 24),

and P (4v), P (8r) are obtained from P (), P (20) by writing the coeflicients in
reverse order.

We find also

g D 2 b 58— 5 =2 641246 —2 —5—84542—1,
by=—=(D*=1)(D' =0 =02 =D+ 1) (0F+ 0 —=30"+ 1% —3D° 40 + 1)  (25);

= —D'4+24+54+4—20—264+18 460+ 18 —26—29+4+5+2—1,

)

by=—=*=1)(0* =0 =0—=0 1) (0" +0—30" — 110 = 30*+ 0+ 1)  (26);

P(30) _ — (b=1) (P 4+0=34+1—=34041)—(h41) (P*——b*—b+1) /B

M 200% /(b2 4D+ 1) (27)
P(6o) _ (b=1)(30°4+0~9—17—94043) 43 (b+41) (0'—1°—=b*—D+1) /B (28)
M 200° /(0P + D4 1) o
o 1
and these are unchanged by the substitution ( b, 1) .
v b/
Also
P ("w) =@+ 1) (b7 — 302 —b +1)—b—=1) ("> —=b"+h41),/B (29)
M R D)
and
12¢5v 6P (o) ]?
000 [ '154 )} (30).
With
M = (M, M, M, M,)" (31),

M= U(0—1) [(b =2 V(O b+ 1) + b0 = 3D+ UT’ 32)
— (B4 ) 2 =)
12¢rv

the expressions for - are lowered in degree ; for

f?[ = *{ﬁﬁ’ij,ji*.;)” (P —2—=24242—1) /(0 +b+1)
| | (P 0—=2—=2 404 1) /(> —3b+ 1)] (33),

12000 _ (b= 1) p, /(0¥ 4 b+ 1) + bg, /(D — 30 4 1)
M2 200 (b — 1) /(P 4+ b+ 1)
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THIRD ELLIPTIC INTEGRAL AND THE ELLIPSOTOMIC PROBLEM. 239
pr=—2004 34341 —=9—9—2, ¢ =38(=0+0—2-+24043) (35),
po=—2 — 9—941434+3—=2  ¢=30B4+042—240—1)  (36),

po=—2 +15—=21413-94+3—2, ¢,=3B—44+2—-24+4-—1)

,4

( (37),
Pps=—2 4+ 3—9418—=21415—2, ¢y=3(—14+4—242—443) (38),
AP P pe=—4CR =0+ 2) (D=3 —D 4+ 1)

u A G+t gg=12004+1) (40);
ps=—2434+3—=114+34+3—=2, ¢,=30+1)(=0"+1+14+1-—1) (41),
Pe=—24+3E3+134+34+3—2, ¢, =30+ D (=0 41414+ 1—1) (42),

so that

39),

P60 — P30 = M”? (43);
ps=—24+34+3+14+34+3—=2, ¢;=8304+1)(—=0"+1—=3+1—=1) (44),

14. The case of p = 15 can also be derived by a trisection of p = 5, and so
generally when w = 37 is any multiple of 3.
For when

S=ds(s + )" — {(L + 9y)s 4 xy}? (1)
is expressed in the form
S=4(s+ ¢ — (As+ By (2),
this implies that
s(Fo)=—t, (i— w)==At - B (3);
and now '
A = 12 (14 y) = 82 = — 129}0 (1),
2AB = 126 — 42* 4+ 22y (1 + ) (5),
B = 4 4 .’L"zyg (6),

so that
’ $120 4+ (1 4 y)? — 8w} (46° 4 ) — (602 — 206° + 2wy + xy*)* = 0 (7),

reducing to
864 {(1 ) — 803 B 30 (2w —y — ) £ 4 Bty kot (g —a — ) =0 (8).

a Jacobian quartic for ¢, which can be resolved.

For

no=2>, 1Y =,

Bt (aF — G 4 1) 17— 3wt (0 — 1) * 4 Ba'l — wt = 0 (9),

and putting ¢ = cx,
(c—1Pa*+ 3¢ (¢c — 1) e+ =0 (10).
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240 PROFESSOR A. (. GREENHILL ON THE
To identity with the preceding results in § 13, put

R S e R (Tl § A4y =304
¢ = 3l , ¢ — 1 = TR 3¢+ 1 = Z) , ¢ — 4 == ) (11),

and then the associated octahedron irrationality o = 4.

15. For p = 17, the quartic for ¢ in terms of ¢ is given in L.M.S., 25, p. 2064,
obtained by the substitution in y,, = 0 of

z ¢ (‘l -+ (:) g+ ¢
=yl —z Yy =zl —" 2 == p =1 1).
This irreducible quartic is made reducible by putting ¢ = — ¢ (¢ 4 1), and with

¢ = b — 1 becomes
e(e 4+ )0+ e(2¢5 + 20 4 1)U 4 (¢f — & — 3¢ — Be — 1) 1?
—e(e4 1)+ 2 4+ 1)bFe(e + 1) =0 (2),
o411, 207 20 41 }'3 _ At 4 9e 44 o
{Z’ p T 2(e 4 1) T de(e 4 1) (3)
The alternating function

s (80) — s(20) _ (O—1b+e+1) — Vet (4 4 e + 4)

: 4),
s{4v) — s( ) eh 2(e 4 1) ¢ (4)
and the division values are associated with elliptic functions of an argument
’ de
U = . o, £ )
‘ V(468 4 et - 4de) (5)

cwto)=", ca)=1, el +io)=—1, o=V =L

J=e(ut o o)== [TV VISR A DN iy (rpip =0 ()

2(e41)
By the transformation

4 (6+ ],): 2 e | 4 ((1, o 1)"3

fed 94+t =r
c (&

dt
V(=108 17) ®);
and a comparison can be made with the equations of Kinprrr (¢ Math. Aun.,’ 37, p. 386)
16. The next case of = 19 presents difficulties not yet surmounted, although it
was hoped that the analogy with w = 11 would give the clue required.

In the case of p = [ 1, the substitution of

1——2:(1+c)<1—[--;) (1)
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THIRD ELLIPTIC INTEGRAL AND THE ELLIPSOTOMIC PROBLEM. 241
in (2), § 11, makes the ellipsotomic relation y,; = 0 equivalent to
a*c® — 20¢c — a4 — ¢ — 1 =0 (2),

an addition equation of the elliptic functions ¢ and ¢ of the argument
1w == { de C=1+44c(1 4 ¢)? (3),

a and ¢ differing in phase by one-fifth of a period ; and the five division values of the
arguments 2v, v = y’rwg, are derivable from each other when considered as elliptic
functions of # + #1w, 7 = 0, 1, 2, 3, 4.

The connexion with KLEIN'S parameter 7 is made through

K= —11r, K?=4K*(K — 11)+ (10K 4 11)* = 121" (4),

and the quintic transformation
14 4¢ 4 2¢* — 56 — 2¢* 4 ¢
A (1 + ¢)?
a4+ 1 . 1l4e¢ 1
2 (a4 1P (2 1) Tty

02 — (2 4 8¢ 4 12¢* 4 9¢* — ¢* — 3¢ — ) C (5)
A (1 4 ¢)f ’

H =

and then.
H*K® — 110HK — 121 (H + K) 4 1331 = O (6),

an elliptic-function addition equation (L.M.S., 25, p. 244 ; 27, p. 428).
If analogy is to help us in passing from p = 11 to 19, the ellipsotomic equation
v19 = 0 should be reducible to the relation

H*K? — 152HK — 361 (H 4+ K) = O (7),
where, in terms of Frick’s 7 and +/ ( Math. Ann.,” 40),
K = — 197, K? = 4K® 4 (8K + 19)° = 361> (8),

with the addition of the cubic transformations

a® — 5a* + 2a 4+ 1 ) a® — 20 — 2)* {4a® 200 -+ 1)2?
H = aj— + -, H? = ( R A ) Laﬁ + ( + ) ) (9)’

and K, K’ the same functions of b.
This combination of (7) and (9) leads to an equation of the 12* degree between

a«=a(u)and b= a <u -+ g:}‘f) , functions of the elliptic argument

_( da
“= V(a ;/{4(1_,3 -+ (2(1, -+ ]_)2,} (10)

VOL. CCIIL.—A. 21
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242 PROFESSOR A. G. GREENHILL ON THE

. .. . 2w . .
The nine division values of the argument 270, v == »1(3” should now be functions of

|
| 4w, 6v, v

27w . . .
an argument u -- 9 > and thence derivable from each other, being grouped in sets of
three
é v, 2%, 2% Lo, 8, To E
K . ( o
E v, 2%, 20 or v, v, S (11).
|

2%, 25, 2%

In passing horizontally in these sets, the substitution connecting ¢ = « (u) and

b=a <u -} 2%6—0> is
' A% — 2ab — @ — b= 0 (12).

The additional cubic transformation

_ ¢4 15¢" 4 57¢
o= e (13)

leads to a multiplication relation of the 9™ order, connecting
H=H(u) and c=HH({u) (14).

The relation of the 12% order between @ and b is of the 6™ order in p = @ 4 b and
7 = ab, representing a C; in the coordinates p and ¢.

But so far the various transformations of v,y = 0, as given in L.M.S., 25, lead to a
C, of the fifth degree in each variable, and the reason of this is a mystery still.

17. For w == 21, applying the trisection equation (8) § 14, with the relations of § 9

\2

x=z(1—2p y=12(1-—2) (1),

Bt [(1 42 — 2% — 82 (1 — 2)°]#*
432 (1= (L—8e4 224841 =)L+ 4(1—2)T=0  (2).

Put " ,
=00 ®)
Wt — (w* — 20 + 3w 0 — 1)z 4 w(w —1)" =0 (4),
, — W — 2w’ 4 3w’ ‘t 0— 14 /W (5),
2w ‘
pm= T B O — LW )

W =15 —8 4922 =244 11 4+4—6-F0-F1
= (w?— w4 1) [(w® — 30?4+ 0+ 1)* — (w* — w) (' — 3w+ 04-1) + (w* —w)*] (7).
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THIRD ELLIPTIC INTEGRAL AND THE ELLIPSOTOMIC PROBLEM. 243
The substitution <w, 2 i o -3;;1> gives (z, —1—_]_?, 4—:~1>, and

12030 = — (1 + 2 — 22)* — 4z (1 — 2)’ (8),
12060 = — (1 + 2 — 222 + 82 (1 — 2)? (9),
s(3v) = —2(1 —2)%, ' (3v) =2 (1 —2) (10),
s (6v) =0, 1’ (6v) == 22 (1 — 2)? : (11),
5(90) =22 (1 — 2), s’ (9v) = 22 (1 — 2) (12),
s(7v) = — 42£1~__2:)2, zs' (7v) = \/~»(—L':l/ [4@02 + (z — w) (w +1—_—1:Z>Z] (13).

18. For p = 23 the class of the 1’110(111]&1" equation is 2, so that simple relations
cannot be anticipated; but as the class is zero for p =25, it is possible that the
ellipsotomic equation y,; = 0 may be susceptible of reduction (L.M.5., 25, p. 27 5).

19. As mechanical applications of the preceding integrals of the First Stage we
may cite the case of Livy’s “ Elastica,” mentioned in § 5 and discussed in the * Math.
Ann.,’ 52, the Spherical Catenary (L.M.S., 27), and the Velarium surfaces considered
in F, KOTTERb Inaugural-Dissertation’ (Halle, 1883).

Take an umbrella with straight ribs, and hold its axis vertical, as an illustration of
a velarium.

If the gore laid out flat forms a sector of a circle, then it is obvious that for any
other angle between the radii formed by the ribs, the edge and its concentric lines
form spherical catenary curves, as shown by Korrir's equations.

But with triangular gores (Korreg,  Diss.,” p. 38) the projection of the edge on a
horizontal plane is given by

1 Adt .
b= 7[5\/“ Lt — A (1 — 1)) ()

with ¢ = <»~7')74; and this is reducible immediately to our standard form (1), § 5, by
@
putting
K o S ;'
L= ME (2),
S=ds(s+x)p*— {(y+ 1)s 4+ ay}*
= 16MOT = 4M?* (M*% — 2M°B)* 4+ 16 M*A? (M* — M*)
= 45 (s — 2M*B)® 4 16M'A* (s — M?) (3).
and equating coeflicients,
212
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244 PROFESSOR A. G. GREENHILL. ON THE
16M*B = (1 + #)* — 8z (4),
8M* (A? 4 B?) = 247 — ay (1 + ) (5),
4AM? = wy (6),
so that
256 M*A® = 64x® — 322y (1 + y) — [(1 + y)* — 8= ]
= (1+y) [162(1 —y) — (1 +y)’] (7),
W=y e (ll()iyy) — (1 4y)] ®
Now denoting the elliptic argument by u, where ‘(
we= &S (9),
0 + ul (20) = 1(2v) (10),

and the preceding integrals can be utilised for the construction of solvable cases.
The chief interest is in the purely algebraical case, obtained by putting P (2v) = 0.
Thus we find for p = 5, putting y = =z =4, in' (3), § 7,

2ricos 50 = (r + a) /(20® — dar® + Ga*r + 3a®) (1),
20 sin 5 0 = (r — a) /(20° + 4ar? 4 6a”r - 3a?) (12).

20. The expression of the pseudo-elliptic spherical catenary, discussed in L.M.S.,
27, p. 127, can be halved in degree by changing to the stereographic projection, with

0=t z=cosf= ' "L .
tan 10 = ¢, 4_cosc9_.«1+t2 (1);
¥, 9 P) D A_zr[‘ ¢
R Al S I (RS e (3),
o o (L A e ey
1= (R e () (4),
_ Ade ey
= ‘ (1—2) %4 7[ /T T, (3).
1n a pseudo-elliptic case, with
p=on1, =% Ww=—YTl A =gy (6),
" 2x M
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THIRD ELLIPTIC INTEGRAL AND THE ELLIPSOTOMIC PROBLEM. 245
we put
4P (v)  di?
+ " N — 7 >
‘l’ y + 1 \/11'12 X ( )

and now the expression for the catenary can be reduced to

N (tan & ey 4 = (B 4 Byt + By . .. + B,,_ =) /T,

+¢(B =Bt + By — ... — B,,_ ;) /T, (8).

"Thus for
p=7, v=2(1—2f, y=z(1—2) (9),
P (1) = Q.:]Z:ﬁ? =0 for z==—} 4421 (10);

and we can calculate M, A, %, and the six B's in
N (tan § 0¢*)' = (B + By + ... + Byd) /T,
+:(B—=Bit+4...—=By) /T, (11);
this catenary has been drawn stereoscopically by the late Mr. T. I. DEWAR.
21. ABer’s integrals are applicable immediately to the construction in polar
co-ordinates » and 0 of algebraical orbits or catenaries under a central attraction of

the form (Huco Gvyrpben, ¢Kongl. Svenska Vetenskaps-Akademiens Handlingar,
1879)

D=Lty (1)
with p = 0 the orbit can be realised by two balls, connected by an elastic thread,

whirling round each other in the air; and the addition of a term to P, varying
inversely as 7%, merely has the effect of qualifying the angle 6 by a factor.

Putting » = ’%&’ and denoting the velocity in the orbit by » and twice the rate of

description of area by 7,
' 2 pafd? o) I ¢ .
v =" <d02+u>_H 2§Pd1

=28+ 1 — 2pgr — 2 (2),
u%@fz—‘MQMH+&ﬁ~%M—D:U (3)
- \db; # _ ' ’

" N & S o
A B= h*’ C= h?’ D—_h2 (4),
u du

~and now put u =z — £ to identify with ABEL's results.
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246 PROFESSOR A. G. GREENHILL ON THE
Thus for p = 3 in § 6 (5), putting w =z + %a, and a = 3b,
— 2 o1 v=0_ 24 { _ (w40 (v —1)
H_SCOS (v + D) ]0 = 5 sin «/ 1 » } (6),
A=—1b, B=30, 20=—40—~p, D=10(4b+p) (7).

For instance, b = 0 makes p =0, H=0, g, = 0, and the orbit is
ricos 3 0 = ¢! (8),
described under a constant central force.
For p= 5 in (7), § 7, putting
w=>5z — 1 — 2 (9),

_2 quw—=(84+x)w+2(84x) (1 —3x)
f =5 cos 502 /5

V(w41 — 3z)

2 . _1w—4-—3;2:

— W= 2758 /5 ol — 2 — 24 2
~ sin 505 /5 Vi (T —2) w8 (— 14+ 11le 4+ ) w

J
+ 4 (44 32) (= 1 + Lz + 2} (10),
and to make p = 0, put = — 3, so that with w = 5u, |
0 = %cos“‘ zz:él:“ét Vo(w+2)
=5sin‘11£v—?;—1 V(= 4 207 — 8u + 4) (11),
D

an orbit described by a body attached to an elastic thread, which is led through a
fixed origin, which can be written

67 cos 5 0 = (40 — ar + &*) \/ (2r 4+ «) (12),

6risin § 0 = (r 4 a) / (40* — 8ar? + 2a*r — o) (13).
So also for w = 7.

Tor SECOND STAGE.

22. But in the dynamical applications, such as Poinsor’s herpolhode and Jacosr's
associated motion of the top, the integral of the Second Stage is required, corre-
sponding to an even value of p, and S can now be resolved into its factors

S=4(s—5) (s —5) (s — ) (1),

while in most cases of the applications

8§ > 0 >8> 8> 8 (2),
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THIRD ELLIPTIC INTEGRAL AND THE ELLIPSOTOMIC PROBLEM. 247

so that
V=0, + fo, w=f'o,+ o (3),

where f, f/ denotes real fractions.
To obtain this resolution of S we find it convenient to put (L.M.S., 27, p. 449),

mio (] —_ Qm) o

R AR @)
and with s = ¢*,
me \ Jopo mt  m*(L—2m)a } 5
T, T, __<t+ m> 1275 oo (n —m)? (5).
Denoting the roots of S =0, irrespective of order of magnitude, by a?, 0% ¢*, we
can put
¢ = _me :
a,b_zz&_m)[lj—\/ =81 —2mei], c=_"" (6),
m my/ {1 —8 (1 —2m)a}
— —— b fend \/ ¢ il
@t 0 2 (a0 — m)’ “ 2 (o — m) (7),
1 3
(@+c)(b4c)="% ((Z Z:)j +1) a—o)(h—o) = — (8).
With £ uv congruent to a half-period w, we can take
2,2
sp)=s@)=d =" Su)=0 ),

and this leads to a relation between « and m, by means of which they are expressible
theoretically in terms of a single variable.

Also, as shown in L.M.S., 27, p. 450,

s(o)—sl) =, "% (10),
s (w) — 5(20) = (;“_‘j‘;;byz (11),

s (0) — s(30) = (L= )= (12),

m? {(1 —2m)a —m (1 —m)}®

(1= 2m) (u — m)? (13).

l»l_-— 2m) o — m* (1 — m)}
m (1 —2m)a—m(1 — m)®

— ,.Z'.‘_z_oi <N5>2 (14),
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where
D. = (1 — Zm) A m(l — ’m)g,

[

and N; is obtained from D; by a change of m into 1 — m, and « into — a.

2 /N2
s(@) =s(60) = - “ e (\D(?) (15),

Dyg=2(1 —m) (1l — 2m)a —m (1L — m),
NG o (1 — 2m - 2777,2) (1 — 2m.) oL = M, (1 e Wl) (1 - 3m 4+ 3m2),

mPe [N\

— J) YR [ 6

(o) = s(r)= " () (D!
D, = (1 — 2m)* 0> — m (1 — m) (1 — 2m) (1 — 3m)a — m* (1 — m)?,

and N, is obtained by a change of m into 1 — m and « into — o ;

B e e TP () B o

Dy = {(1 = 2m)a — m (1 — m)}{(1 — 2m)a — m (1 — m) (1L — 2m + 2m?)},

Ny = (1 — 2m)Pa® — m (1 — m) (1 — 2m)*(1 -+ 2m — 2m?) o’
+ 4w (1 — m)P (1 — 2m) a — m* (1 — m)*;

$(w) — s (90) = (L)% <§z> | (18),

o —m
Dy=(1 — 2m)* (3 — 6m + 4m?*) o> — 2m (1 — m) (L — 2m)*(3 — Tm + 5m?) a®
+ m?* (1 — m)* (1 — 2m) (4 — 10m + 7m*) e — m® (1 — m)S,

and a change of « into — a and m into 1 — m gives Ny;
mia’ Nm>2
_— 8 VWoem T 19
s (@) — 5(100) (¢ — m)? <D10 ‘ (19),

D,§ = {(1 — 2m)a — m (1 — m)?} {(1 — 2m) & — m? (1 — m)}
{1 = 2m)*a® —m (1 —m) (L — 2m) (1 — 6m -+ 6m?) e — m® (1 — m®)},
Ny = (1 — 2m)la* — 2m (1 — m) (1 — 2m)* (2 — 7m - 7m?) o®
+ 2m? (1 — m)* (1 — 2m)* (3 — 11lm 4 13m® — 4m® + 2m*) o*
—m? (1 —m)*(1 — 2m) (4 - 17m + 27m? — 20m® + 10m*)
+ m* (1 — m)* (1 — 5m + 10m® — 10m® 4 5m?).
A simplification is effected by putting
| (1 =2m)a=m(l—m)B, and 1 — 2m =2p (20),
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and now the change of m into 1 — m and & into — & is equivalent to a change of
sign of p, leaving B unchanged.
Thus we find, with 28 — 1 = ¢,

. . e N,,>2 )
o) =)= " (D.l (21),

Dy=—ptele=2)(—e—=1)p'te(@+ 1) pP+ (=3 p*— (2 — e+ 1) p+ €,
Ny= PP+ e(e—=2) (@ —e—1)p'—e(@+1)pP+ (& —=3)p’+ (— e+ 1) p+ €,
N, =D, =2pipt—e(@+1)p>+ & (& — e+ 1)1,
=2 (p*— ) (p?— &+ — ¢,
N+ D), = 2ei(e — 2) (¥ — e — 1) p* + e(€* — 3) p* + €},
= 2ci(e — 2)p* + €} (¥ — ¢ — 1) p* + €}.

Thus, if p = 22, s(11v) = s(w), and N, = 0, which replaces in a much simpler
form the relation y,, = 0.

So also D;; = 0 makes s (11v) = o, v = f%, and so enables us to connect up the

results for w = 11; and other values of x can be treated in the same way.
23. There are three cases to consider, relative to the half-period w, to which fuv is
congruent :—

L o=u0, sEw)=s(w)=s =7, s=a0a s=170 (1),

and introducing WEBER'S function fw, or Kigper1r's equivalent function L (2),

U (F ) = Kt _ 16 (89 — 85)° _ 1 —8(1 —2m)a
PEE= Ul =10 0= () )~ @ —m) (= m £ 1)

and to the complementary modulus «/,

(2),

11 14 det /{1 —8(1—2m)a (3)
en?fK”  dn?fK’ 2 ’
c112fK'=g, dn2fK’:%, sn(l-——2f)K’=g (4);
I 0=y, $(Fpv)=s(0g) =s,=10% s, =0 s =10 (5),
o 16 16(s —s) _ —148(1l—2m)e _ L2)* (6
(fo) = kT (sy — 85) (51— &) @ (a —m) (e —m 4 1) @ (),
1 ; 1+ 40 + 1 —8(1 — 2m)a}
s fK" dn?(1 — ) K’ = R & 9 ( ) )
on2fK =, dn2fK'="°, sn(l—2/)K =" (8);

b )

¢
o
VOL. CCIII.—A. 2 K
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250 PROFESSOR A. G. GREENHILL, ON THE
IT1. w=u0; $Ew)=-s(o)=8=27c, s =a s =10
" . 8 = §)° L—8(1 —2m)a
U 165 = 1¢ (s =) — O\ Ay L (9)2
(ol =16 =16 =)~ (o — m)w—m 4 1) = L)
@ L= de g = 8 (1 2m)
*sn?fK”’ K2en?f K 2 ’

= K=" @ =9k =¢
en2 fK = o’ dn2 /K’ = . sn (1 —2/)K =

(11).

(12).

A fourth case, where 1 — 8 (1 — 2m) « is negative and «, b imaginary, need not be

discussed here.

The Weierstrassian Sigma Functions of the Division-values (Theilwerthe) can now
be expressed in terms of the Jacobian Theta and Iita Functions by the relations on

p. 52 of Scuwarz, ¢ Formeln der elliptischen Functionen,” so that

g2, v=K4 N
r= ’ o 2n 1
’
e D= (s = 8y) (8y = sp) TN e
2K’
Tom 41 =t
L= il — ) (s — )T
o 2K
2n + 1 ity 2K
"®O.+j = \/(3] — 33) TN dnting 2n+ 1
L
o — m
- K’
=4 = K 4 =2
o= * o
’
® ;% 1
HK = \4‘/ -{(81 —_ ,5%) (32 — 33)}90”%)\ in
/
a K 1
n a1
HK/ €/{<Sl_‘§'3)<%—*‘85)}£¥) A
l4
B
60 A —

(13),

(14),

(15),

(16).

(17),

(18),

(19),

(20).
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THIRD ELLIPTIC INTEGRAL AND THE ELLIPSOTOMIC PROBLEM. 251

24. When p is of the form 4n + 2, so that, as required in dynamical p}oblems,

- oy Ko K

CEert g e O Bt gy (1)
then L uv = (2n 4 1) v is congruent to o, or w,, according as » is even or odd ; and
the integral U (v) is expressible in the form

I(0) = L— P (v) gr__gs) + 3= \o/lsb

% _ n—1
=L et Prs " + P NAGESE))
2n + 1 (o — )"t
1 AQe T 4.+ Q, , D
le + 1 sin™! e (O‘-— )71+}~ \/ —§.8= Z)j) (2)>
and when the quantities «, m and therefore a, b, ¢, o, @, and P (v) have been
determined as algebraical functions of a parameter, the calculation of P, ... P,
Q), ..., Q, 1s effected readily by a differentiation and verification.

It will be found that
Q= (2n+ 1) P (v) (3),

also

("’l‘l‘fws)__yn rot (f‘*’s =y K’
Vs =) TRy =R ““’

znu denoting Jacoer’s Zeta function Zu or d log ®u, while

du
ZSU == zZnu g log snu = d log Hu. (5)
du du ~°
in GLAISHER'S notation ; also
1
P(2n+ 1)o=0, PG )= - TEC o M
(2n + 1)o , (v) + P (20v) o = () Yo (6)

Here already the degree of the results obtained by ABrL's method have been
halved in (2); and the degree can be halved again by the substitution

p=s2: o
and now
. _ ~_—-Ml“ -1 9 + P S.n—l __|_ + Pn
[(1;)_2n+1cos (o-—-—s)y
_ 1 By + By A+ B,
21 41 y
2 - n—1 A ) A"_ ‘ )
= g TR +y,,+l+ AR O
2 . n—1 A n—2 — l ”—]An— ‘

2 K 2
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252 PROFESSOR A. (. GREENHILI: ON THE

Denoting by @', b the values of 4* corresponding to «?, b® of s,

; o — 105 o — 0?
@t = e UTE (9),
reducing to
2

WD = A R 10) -
' L4 4o 4 /{1 — 8 (1 — 2m) o} (10);

so that »
o =enfK, UV =dnfK’, in Region I (L1);

1

o =snfK/, UV in Region 11. (12).

T dn (1)K
Changing the variable to % in the integral

N[ Py —QW) dy |
I (fU) - v(l,(]]'/// :[/‘2 \/Y (13)J
where
Y =4 — 1) — o (y — 17 (14),
N Plo—0) yp _ mfe (e —m 1) .
P (/U) - M/ s l\fl — (f;(, . ’)’)L)2 (1‘)),
4
Q (’U/) et %,/,s {Mw/;;v) fosend (W[)/ — (/'N) (16);

< < >|,
Cl = a/? = -

4;rx”(a = g A 1)

2 ; 1 4o
LR =/ 4 O = - - -
Ci Co=a®+10 4o (o0 = m 4 1)

o L —a” o Ul 7
K = [‘)/2 o C(/';’ P K~ == 0 e ) ([9)’
) = T 44 (‘lj e ZWL) e L (20)

V1= 8 (1 = 2m) e
25. To connect up ABEL'S results for even values of u we take n = 1 in (9), § 5, so
that

_—y—y g —ay—e—y)
a=C=Y=Y =TT = 4w 1),
. r p = duwy (1)
7= — (2" — az + b)* 4 pz
= — (#* = az + b + 29)* + 4 (Az 4 B)? (2),
where _
A*=s, 2AB= —as+ xy, B =s(s-b) (3),

and therefore the resolving cubic becomes

4s* (s 4 b) ~— (= as 4 ay)* = 0 (4),
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THIRD ELLIPTIC INTEGRAL AND THE ELLIPSOTOMIC PROBLEM. 253
or
| S = s (s 0P = [(1 + )5 + ayP = 0 (5)
Then, with

3 — 9,2

9(;:_..#_/,@0,‘,5, y:—-v(—l-v—r%n)a, 5':——m—~a . (6),
(¢ — m)? o — m (0 — m)?

L n_ me m (1 —2m) e —m® (1 — m)]

At b= [z T (= 2m) (a—m) (),

and Z breaks up into two quadratic factors, Z, and Z,,

A m (1 — 2m + 2m?) m’ (1 — m)?
== : : ",

(1 —2m)(@—m) " (1= 2m) (« — m)?

- ool

_ m {4 (1 —2m)a— 1+ 2m —2m*}
Zy=#+ (1 — 2m) (2 — m)

7, = [z w1 —m) )j]ﬂ _m(l—2m) (10),

m* [2 (1 —2m) a —m (1 —m) [ )
et (1 = 2m)? (& — m)? ()

(I —2m) (a —m o — m
— [,y 2m(l—2m)a—m(1— m)T__ m (1 — 2m) ny
Zy = [é+ - (1= 2m) (e — m) a—m (11);
and by means of a homogeneity factor
M — (1 = 2m) (& — m) (12),
m

replacing z by 1{1, we may replace Z, and Z, by
Z, = {z—m (1l —m){* — (1L —2m)*z
= (z —m*) {z — (1 —m)*} (13),
Zy={z4+2(1 =2m)a—m (1l —m)}{*— (1 —2m)*z (‘14).

26. The resolution of T in the spherical catenary for p = 4n + 2 is not the same
as for u = 2n -4 1; we must put

T, Ty = F (1 4 2M 4 2)° + 2t (n + t?) (1),
and then in § 20
h =1y ’

; W —1 b+ 1\?
2 e - —_— 2— ¢ SR 2( — S .
W=\ 1+< ! >, 2uy = X\ 142 5 v = A 1—|—< > (2),

so that

(B =142 -"12;; 1>2 —4 {x —1 4 (llzl\f}{x — 1+ <—h;§7 1)} =0 ()

\
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254 PROFESSOR A. G. GREENHILL ON THE

a quartic for \, having a root N = 1, which was used for u = 2n -+ 1; the remaining
cubic, putting N = 2B — 1, becomes

3 R =1 _ h _
B — B +< e 1>B =0 (4)
or as in § 20 with
W—1_,, 4z RP+1_ o by 5
A2 +(_|_1) Ar ——1+(y+1)3 (5),
B — B@ + ,;._gfﬁc_m_B _ Awy 0 (6);

+ 12 (y+1)
so that B = 1;201 reduces this to

28 — (y + 1) + 2x¢ — . = 0 : (7),
asin (3), § 8; and with
= e _ (1 —2m)a _ (2a —1)m
T T a—m YT o—m yrl= o — (8);
e=-"%_ B=_2* =2+l ).

a—m’ o — 1’ T 9a — 1

We find that Creescw’s k (CrELLE, 57, p. 105; L:M.S., 27, pp. 146, 185) is
given by

B = 4o — 1 (10),

so that

P43
A= ;2“_‘_"_’_ g (11),
and
o _ (B — 1) (B —1n*)

AY = Al? (12)7

so that
o4 (= hy o4 (FP4h)p )
WEASEZ e =y T T = e = ) (13);

and in quadratic factors

(k2_1)1‘1:—{ic+1-—2 »]f‘i@t+(k 1)t2ch-1-—2 V’EIZH(/»M) } (14),

(FB=1)T, = {k+1+2 «/“"H-q-(k 1)/;2} {k——]_~|—2 o= ]’t+(/+1)t‘~’} (15).
-1
Thus, as shown in the ‘ Bulletin de la Société Mathématique de France,” 29, the
algebraical spherical catenary for u = 10, drawn ster eoscopically by the late
Mr. T. I. DEWAR, can be represented, by taking k= ,/3, h = — L, /%, in the
symmetrical form
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THIRD ELLIPTIC INTEGRAL AND THE ELLIPSOTOMIC PROBLEM. 255
N (tan 10e") = (B + Bt + By + By#) /T,
+i(B — Bt + By — By¥) /T, (16),

B By=+.,514+7 B,B=+4+3/51+19, N=192,/3 (17).

27. These expressions for I(v) are applicable immediately to the construction of a
series of quasi-algebraical Poinsot herpolhodes, in continuation of the one invented
by Harruen (‘ F.E.) 2, p. 279).

Making a digression on the motion of a rigid body about a fixed point under no
forces, as illustrated by the motion of a body about its centre of gravity when tossed
in the air, Poinsor’s polhode and herpolhode are obtained by rolling the momental
ellipsoid on the invariable plane.

The equation of the momental ellipsoid can be written

A#* + By 4 C22 = D¥® (1),

where 8§ denotes the distance of the invariable plane from the centre of the momental
ellipsoid ; and then the polhode will be the intersection with the coaxial quadric

A% 4 By 0% = D (2),
and the direction cosines of the invariable line will be

Az By Cz
DS’ DS DS (3)

Denoting by p, = the polar co-ordinates for the herpolhode in the invariable plane,
PPt P =p o+ S (4),
and by solution of these equations (1), (2), (4),
__A\(_A_>z_2 ’__Q> _Q>z
(1 B/)l Cw—-p—f-(‘l B(l a)®

= p* — p,? suppose, &e. (5),
and then

{(B —0) @A% éw A=B),, }2 — 1R (6),

where

R =4(p2 — p%) (p* — p*) (p* — p7) (7).

Denoting the component angular velocities about the principal axes by p, ¢, r, and
about the invariable line by 4,
r
%

b=
r

(eI

:Z = = 7,7; (8),
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and DARBoUX’s equations (DesprYROUS, ‘ Cours de mécanique,” 11., note 17).

o2 2 42 I B
%‘F% 4=, P "*"Zz*‘ (}5:1 (9);

c ' a?

are identified with our notation by putting

Ao = Bb = Cc = DA (10),

and
Ap? 4+ Bg? + Cr? = DA? - (11),
A? 4 B 4 C%? = D¥? (12),

are two integrals of EULER’S equations

d y
A ;772 =(B—C)gr, ... (183),
or, as they may be written,
dex Yz
A.an(B_C)';C,.“ (14).
Then
AP’ _ g (02 4y, I
dt _2<xdt +3/¢lt + “ dt
—on(B=C L C—A  A—Bayp
=BT O+ O+ 250
T (B=0C)(C—~A)(A—DB)ayz _n
—_ 2”( s ) (ABC ),k( - T ) A.,kj_ — E \/R (15)’
_[r kdp®
nt == LQ Vat (16),
supposing
ps’ > pP > ps’ > 0> p (17),
and inverting the integral,
2,2
p? = p2sn? (K — mt) 4 pen® (K — mt), P%L = /\/ p3v—]—c§»&—~ (18).
Again, projecting on the invariable plane the areas swept out on the co-ordinate
planes
do _ Ax [ dz dy
LR S T g 2} L
POT =y e+ (19),
and

o _  dy _nfA-B , A-C 2>
yaz_zozt“k<‘0 S
7182D(A-—-D)T

kE BC

(20),
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so that S
odw _ n8 /A —D, , —
P = el oo AT oA

_ 8 A% 4 By 4 (%2 — DB

s, C—D s
By® + AB wz*)

k ABC
and this reduces to p Ny (A — D) (B—D) (0 — D)
cdw _ n ) — ] — C—D) g
dt =k {” + ABC 8}
so that 5 A Y D) (C — D) l
_ (A=D)(B~— - s [P dp?
=gt ABC . Lpz JR
Putting
pP_o—s pl—p  _s—s, R_ S8
BTOM BT M2 kST MS
and p = 0, with s = o,
ooo‘ A — B-—I) '-D 2 )m]CG
Ry= dpipipt = — 4 [(A = DU B=D)C = D)y b
so that
(A“-T—D)(B—D)(C»D)Sg_ B/ =3
ABC - Uk
and from (6) § 1
o = .8,735 _— rz%f\/f',:z d*s
Tk s O =8 \/S
— <2 —_ 1;;[]> nt — 1 (v)
or
pt — = = 1(v)
where
p_d Po
n kM
also
» M ds
nt = L x/S
Then
g — 0 (v —)
0 (1 + v)
and
2
MP. =0 — s =pv—pu
k?

_o(u+)o(u-—wv)__ 0200w+ v)0(u—w)

o uoc N0

where A is a homogeneity factor, N = u/n; so that as a quasi-Lamé function

P w000 (u — )
M k ¢ o Nubv

= {4 P 4 P) VR )
+ ’ <Q18n~—1 :|~ e + Q/I.) \/(ag - 8.8 — bz)}zﬂ +1

VOL. CCIIL.—A, 2 L
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(27),
(28),

(29);

(30).

(31):

(32),

(33)
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in the pseudo-elliptic case; and cancelling the secular term pt by making p = 0
gives a purely algebraical herpolhode.
With the degree halved by the use of the variable v, as in (8) § 24,

S -
MP v — [y '+ Ay 2+ ) VY e (! = Ay ) Y (34)
gy V=) ’

w0

0P’ __ Y
M /]‘2 = {;,_[ - (85).

o

In the associated motion of a top, the projection on a horizontal plane of a point
on the axis deseribes the hodograph of a herpolhode traced out by the axis of
resultant angular momentum of the top; and thus FKurer’s angles 6 and i for the
top are connected by a relation of the form

FMEsin 0% = — i (pe") (36)

(¢Science,” Dec. 20, 1901 ; ¢ Annals of Mathematics,” vol. 5, Series I1., 1903).

We may dispense with Poixsor’s rolling surface and consider the polhode as a
material line, or as the edge of a material cone, as in Dr. FrR. SCHILLING'S model,
constructed by MartiN Scarrrivg, Halle a. 5., and this is rolled on a fixed plane.

According to M. pE 1A GoUrNERIE, the polhode is also a line of curvature, the
intersection of two confocal surfaces, an ellipsoid and hyperboloid of two sheets ; and
6 will now be the angle between the generating lines of the hyperboloid of one sheet,
one generator being perpendicular to the fixed plane, so that the other generator
moves parallel to the axis of the top in the associated motion (DamrBoux in
Drspryrous, ¢ Mécanique, note 18).

28. To utilise for pw = 4n + 2 the preceding results for odd order 2n 4 1 of u,
where

ma
t= """ 1
o — 1 5 (1),
= e o ¥ 4 (L= %m)_]
Tl’ T2 — (zx - m)s (?/ + 1) [Z?/ + o + o (2)7
put _
s(w)—s(dn+ 2)v =0, Dy, =0 (3),
and thence express a, m, ... in terms of a new parameter, and thereby express the

integral I (4v) of p = 4n + 2.
Returning then to the v of u = 2n -4 1, which, when normalised to LEGENDRE'S
form, can be written

o= fKi, f= 2" (4),

and replacing vy, = 0 by its equivalent D,,,, = 0, the series of functions
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=14 T (5)
a a——— m 3
m— 1

Gyg=1—"""1 6

0 = . (6),

<1 + ;‘:;,‘;) (1 = m)® (7).
0, = (1 m — 1>jl (1 —2m)a ] }3 (8),

y I —2m)o —m (1l — m)

062;1 = (1 — 7_7[,:0:1> (NDF9H>.« (9)’
= 1\ /Dy
= <1 + oL — m> <1Qr27l+1f> (10),

18 such that

: H (»fK’) ]‘ W (rfKYy T
o AR e et (] — ’o
¢, = MoK = [ (1 —rf)E']" or — zon (1—rf)K'= [()(1 Zf) K,:l (11),
so that Jacosr's division-values of the Second Stage can be calculated.
The Weierstrassian Sigma Functions of the First Stage in § 4 can now be converted
into Jacobian Theta Functions of the Second Stage by the relations on p. 52 of
‘Formeln und Lehrsiitze; and forming the series of functions

- o
— p=E) 2+l R
e, = xTiN m Ma " (12),

4 N
0 = i\ T M (13)
? o — ’

9
Cy = 2TIN 271?1(1 —_— f)n) /\/#—- * Ys (14)7

49
mo N,
Cor == X~ N zer1 0T (15)’
@ —m DW
@1y o N
¢ =aTIN L gy v T 16
o1 o — D27+1 Yor+1 (16),

we find that / I
= 7@/(; or éj]%, (17),

.

or one of its linear transformations; and v - is always rational in « and m, in
o — m

consequence of the relation
s(w) — s (nv) = s(w) —s(n+ 1) (18).
2L 2
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The function ¢ is the one that should be tabulated numerically, as

o = Huw feu o H(K - ) /Ou

Ay CR : @ (K — u) /0w
" HK/ 8K’ HK /80’
Also

dny = - ,
dney oK /80

. . v/
St — b zsf K

or one of its transformations, depending on the region.
90 1 — ( —1 2
29. p=26, f=4% or & v
Derive from p = 3 in (3) § 6, by putting ¢ = a* (200 — 1), so that

T(0) = Zoost V(L @)/ = (20— 1)1 o 20 —

3 AR
= 2 /(=) /320 + (20 — 1) + 20* — a}
3 2t
:j’ 00+ 203 —a® dt B
« ¢ SV A — (1 208 — a?)?}
Next put
“=dp g
. b1 - b1
c] = o - ty == R T , fo o s )
T 3 TR 3 T 43
K.g,:(b—l)?’(b—}—S) K,_g:(bq—l_)S(-«b-«!—S)
160 ’ 160
L= 40960

(b — 1)* (b* — 9)
Then from (8), § 23, in the region 3 >0 > 1,

. b —1 b —1 2
en2K ="~ dntK =" o osnt K= 0
8 hg1o O3 o o P b1
so that there results the well-known relation
enf K/ 4+ snd K =1
and in LuceNprE, 1, chap. vi, p. 27,
. 2 9 1 — 20
r=smn¢=sniEK="—0r "0 =
¢ 3 b1 " — 2% b ot

(19),

(20),

(8).

The following table shows the six linear transformations of the division-values for

p == 6, obtained in accordance with the preceding theory by the substitutions

(b, 03 -b>

. b — 1

the accents are omitted from K by changing to the complementary modulus.

(9)5

The numerical value b == /3 gives a modular angle 75° ; while b = /5 corresponds

to the functions required for p = 10.
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z2—¢ /v — ¢ /N — z+¢/f— z—c /N ¢/ z+c /N q 10
e—e/Ng— e /f— et+eSe— | e—¢e/Nz g/ ct+e /Mg q £q 1807,
, Mm.@i _ i@%[ _ mx _ .uﬁ@ o MH MH (149
o Mio M€ Mi{e b MYH {1 —¢)
NH H p;1C) 08 00 e (1—9)
MEH ¥ Mie Mie Mie e {149
06 p:CH MH H iCH 00 é
MEo R NC) MiH HE¥H M¥o Mo (1T — )
£ g7 > L9714 £z > £ uz Y £ yy P 9
AT M 182! A 2 AeWy Az D: R G/ (e+9-)
p) X o
I fuz \N MEuze 3 £ uz - 3 £uz 1 M £z b fm.mNW @\N«AMIT(@
Mmmm,\wwl MMQN.@ Mmoww MMONM MmgN MWQNWI %wTéNW
3 &ou — 3§ s — Miws~  yiw— | yiwp | yipu 2,
i §su ¥ ou MEpu— fup — 3 Euo 3 £us .T.HM
MEup — 31§ pu — 3 £ ou 31§ s 31 $us 34 o Les
& o e _ e y & 1t
; e 1 ! (€+9) &1 —9)
m“ _ o & mlW' Y & 91
o T . e Amn.l@lvmﬁl*.@v
o—=<g<eg— | e—<Y<I— T—<q<0 0<9<I1 1<g9<g | ¢<q<w .
i il a D q v e
(7 ALIIDOS =1 L7 ALIIODOS 20
SNOILDVSNVYL / SNOILDVSNVYL
%4\ TVAOY dH.L 1vDIHAOSOTIHd 4\ TVAOY dH.L 1vDIHIOSOT1IHd
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262 PROFESSOR A. G. GREENHILL ON THE
30. =10, f= 1251,
_ _m(1l —m)? o md
D=0, = 1—om > “ 7" Zom (1),
(L =m)*(1 — 2m)
my= ().
To identify with the results in L.M.S., 27, put
=1 —ttl _a=c—1 :
2m—-1—c, m=y 1l —m= oo (3);
then
— (e—=1) } [ de 2 (e — 1)2]
T T = ek 5 |2 Eedp' o+ oy ).
and from (9), § 7,
oo l=10)
= =Dl
— SR (O DA
I (4v) cos o
(C,_ 1)2 } T
2 { T oo 41y Vs
5 2
= Te—=3, C(e— 1)t
- S We(e+1) — 20 (1) AP (5)
o ¢ VTT, '
A ( )
_ (e—1p o 8(v) —s (6
Z€~—20(0-1— l)y’ and -y T s(w) —s (),
with .
s()=8c(c+ 1) (c — 1), s(w)=/(c-4 1)*(c—1)* (7),

and we obtain I (v) in the form employed in L.M.S., 27, p. 601, derived by putting
N; = 0, with

Pw)=1%(c+3)(—c+4c+ 1), Q) =dc(c+ 1) (c—=1)(—c+4c+ 1) (8);

and in Region IL, f= % or £,

s, = 4(¢* + /OP, sy=(c+ 1) (c — DY sy =4(c* — /O)? (9),
where
C=c4c?—c (10),
and .
L (2 4096 (11),

T (= 1) (¢ — e — 1)
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THIRD ELLIPTIC INTEGRAL AND THE ELLIPSOTOMIC PROBLEM. 263

This ¢ is connected with FrRICKE's 7 and ¢ (‘ Diss.,” Leipzig, 1886) by the relation

,1(J5f1f
V4 AN =4 de+1
c =" , =" S (12)
IRV R 5S¢ '

2./5

The following table, analogous to the preceding one for p = 6, gives the division-
values for u = 10, the six transformations being derived from the substitution

le, P4&+0-1%thi —i} (13);

| c—1

and it may be compared with the corresponding results given by F. MULLER,
¢ Archiv der Mathematik und Physik, p. 161, 1884, Roupe, ¢ Archiv, 1886, p. 138,
and by W. Gérixg, ¢ Math. Ann., 7, p. 311, 1874, working on Gauss’s unpublished
mMemoirs.

For the application of this integral to a case of motion of the top, consult the
¢ Annals of Mathematics, vol. 5, 1903.

The numerical value ¢ = 2 will serve for verification ; this corresponds to the case
of ten cusps at intervals of iz in the associated motion of the top (L.M.S., 27,
p. 602); and ¢ = 2 (sin 36° + sin 18°) will make K'/K = /5 or 1, cases of Complex
Multiplication.
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| A. B
Region. Cw>e> /b2 52> > 1

(2e =14 /O) 2o+ 1 — /O) (/C o 1) i
16¢* /C K2
(2c+14/0) (=2c+14+/C) (VC~1) e
16¢* /C P
05 ‘2?;/0 Ccil % K
iy
y@zc—i—vl cn ¢ K
v
Vel nd 2 K
;Ijg sl K
¢ .—2\/0 nd K
¢
(¢ +3) (= ¢+ de + 1) R S
20¢ &/ C P ang K
— 1) (— ¢ _
,(30< v]‘) éoc i‘i/g de + ]) —_ K, yatl %‘ K
8em 4+ 7¢c—3 |
T e 0 53K
3 2 1
3¢ ,,,"?2% z ;CC +1 5K
(¢4 1) (c = 1) ®5K
26 ®0
(¢4 1) (e — 1)} ®3 K
2¢t 80

snt K
sn 2 K
ens K
dn K
ent K
dn$ K
zn+ K

md K
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en § K

HiK
HK

I
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nd 2K

—nd$K

—nct K

ns+ K

—nc? K

—ns 3 K

1zn 2 K

17zn+ K

—278 + K

e
0K

—ne i K

—nct K

—nd$ K

snt K

nd 2K

— 2K
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266 PROFESSOR A, G. GREENHILL ON THE
S1 p=17, 1d; fe= 228050,

D= (1 —=2m) e’ — (1 — 201) (1 = 3m) o = mi' (1 = m)” =

<
—~~
ek
~—
-

and on putting

L —=2m=p, (I—=2m)a=m(l—u)B, 28=]I +é (2),
the relation becomes
PP+ pg—p—g=10 (3),
an elliptic-function addition equation, connecting
p=pu) and ¢=pu+ o) (4),
15 : 9
w= [ P =g (g = (4 ) = B+ ) (5),
J/k
and
P(Ee) =0, pe)=1 (6)-
Thence . _
g (PP=1(=3p+1+ P (7)
16p* ’
e _(pA+Dip/(p A1) = @ =3p+ 1) (8)
a — (p~— 1) 7
Ligp =P W= Dip(f = 1) = (7 +p+ 2P (9).

2(p* = 9p*—p+1)

The connexion with Kigpert's vesults in * Math. Ann.) 82, p. 87, has been given in
L.M.S., 27, p. 438 here
¢ ge = (P A (p— 1) o (10),

9

P

dé dp .
e e A=l da 11),
V(4E + 138 4 32¢) /P (1)

a transformation of the Third Order; and

' d 1 ® T dE y
N o

suppose, where o is the real half-period of the elliptic function p = p (1) of the
elliptic argument 71, and now

1
£ = & — fo), 5 = &(u — fo) (13),
4
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THIRD ELLIPTIC INTEGRAL AND THE ELLIPSOTOMIC PROBLEM. 267

the roots of which are \
» __“P<&gwt> = 4 sec ! ; w (15),
¢ '(;i’ =8, P9 —pt =0 (16),

the roots of which ave derived from the preceding, by the substitution

, 2
<1) + 1, /7 n [) (17).
Thence the contour of the period parallelogram is divided into segments of’ §o, and
a similar table of division-values for p = 14 can be coustructed for the corresponding
regions of p and compared with the results of GoriNg and MULLegr; this must be
reserved for the present.
The associated 7 parameters of Grerstir (¢ Math. Ann.) 14) have simple numerical
values :

I

S
Sl

i T =11s (18)

The parameter z, employed 1n § 9 (2), is given in terms of p by the relation

— ’ — " | —
Tig =— — [5 712—“27 Ty =13, Tg=—

0

, Ty =2, Ty

Y= _s(30) — 5 (20)

Y s (Bv) = 5 (1)
(L—m)*— ma , . ;
o e=m_(pH(=3p+ L+ P) (19) ;
1 — 2m 2(p — L) ’

thence Ay, by in § 9 (6) can be determined, and T, Ty in factors, as required for the
Second Stage of p = 14, in terms of p and /P.
Changing from the variable ¢ to y, in § 28 (1), we find

2P (v) 5 )
1:5 M7 Ny

y o VYY)
7 o i
2-_'2_"A. ,gA..)
= sin LY }/l?/ + 5 VY, (20),
Y, =@ -1 —Cy+0C)
Y=+ )@+ Cy+C) (z1),
b2y
h 2ot (p -+ O(p—=1)
()= — pC, = 27 (Bp — 1 4/ P) (22),

(p+D(p—=1)

2 M 2
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268 PROFESSOR A. G. GREENHILL ON THI

A= WA =8p ) = V(p D
' 2(p* 1)

A, = 2_?2{%@[ (23),
Po) _ = 5pt+12p° —dp 4 2p — LA 2 (P2 — p 4 1) /P (24)
M 4(p4+1)(p—1)3 ’
_l—2m _2p*(3p =14 /P) .
NE T T -y (20)
K’
Test by p=42—=1=plo, K= V14

For the elliptic-section values the region may be selected in which, in accordance
with § 28,

it 2 K =, = P F DA =Tp2 4 83p = DV(p+ DA 4p S =3p+ D g

(p—1)
st ke | (= DA =T 4 83p — 1) (p D) —dp {4p =3p+1)E
ot 2 K= w (PP = 9p* = p+ 1) (p + 1) (27),
%fl.. . — ] D / R P 1\
tnt K= = (2 F D@+ 20 = 1) \(j f’;ﬁ)? S VA CTE: e SV TS

it d K = L (p—1) {(P+20— 1) (p+1)=2p /(4 — 3p+ 1)} (29),

y (¢F = 9p —=p 4 1) (p+1)
it 8 K =, = (0= TP 3p = 1) /(4 1)+ 4p (4p = 3p + 1) (30),
P = a (0= 1 (p + 1)
ettt K= = (DI =T 8 = 1)t ) = dp /0 =Sp 103 (g
dy (pP—9p* —p -+ 1) (p—1)
With
o — Y Y N = gt 39
yr=0, A = aly (32),
3K __ . mo® (gx — )\
< ®0 ) —a = 1 —2m\ a > <33>’
‘e 2 KN - mle [ a0\
A = ¢, = . 4 ,
( 00 ) @ (I — 2m) \o — m,) (34)
ICEB Y s_om (L—m) [ a N
\ 8o % (1 = 2m)'a? <oc — m,) (39)
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< —_— e 1,2, 4.5,7,8
32 p=18, f== L2 sl
The relation Dy = 0 becomes by the substitutions

w="r(lL=m)8
1 — 2m

l—2m=p, 2B—1=c¢
the same as those employed with D), in § 22, a new relation
— PPt E(e—2)pPte(—e+ 1)p+ & = 0.

representing a C; in (p, €) ; and putting

S b
r= €= y 41

@41’
this C; reduces to a C, in (x, ) with deficiency p = 2,
Y= (@2 —2)y — (x+ 4oy + 2 (x+2)=0
and this with y = (¢ 4 1) «, as in L.M.S., 27, p. 463, becomes
(04 10> = (¢° 4+ ¢" — 29 — 1) & — 2¢° = 0

w= CEE=2¢—14/Q
2(q + 1)

gl =3+ 20+ 14+ /Q
. 2(g + 1)

Q = ¢" 4+ 2¢° + 5¢* + 10¢° 4+ 10¢> -k 49 + 1

L P32+ Q
x4+ 1 2¢° =1
y=T+tr=29—1+Q
2(q+1)
X Al il B i VA S
y+1 20 (¢ + ¢ +1)

Now the p employed in (2), § 10, distinguished here as p,, is given by
=yl —z), z—y="

returning for a moment to the original @ and ¥ of § 10, so that

269

(12),
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270 PROFESSOR A. . GREENHILL ON THE
Z* Yy — )
= o= )

tmy Yy -y
Lo (2e) = () s (20) = s (o

20) — 5 (1)
s(50) — s (v)  s(dv) — s(v)

I R
o e
— . R

P (o0 — m) ,
et (1 == 2m) o — (1~ n)§?

% —m (1 — 2m)* (& — )

~ U =z2mpe = —2m)B
(1= 2m)e — (L —m)> B —1+m

_ e + 1) (13);
€ — _[)
and
¢ = D BC A 3 4 2 1 — Q) (14),
20°(¢° + g + 1)
U3 3y b 29 A+ T4 Q (15)
c—p 4 (g 41y ’
3 R D) | /(‘2 ) /p gs)
TN/ oA ot/ Bl s RV Y 16),
a 20 (¢ + g + 1) : e
ettt 2+ 14 VQ (17),
€—p 2(q 4 1)y
b= Pl ) A0 =1+ VQ (18).
o €= p 2q (¢ + 1)

This value of p,, employed in the previous equations (7), § 10, for p = 9 will lead
to the functions of the Second Stage for p = 18; the result, in a modified form, has
been given already in the ¢ Avchiv der Mathematik und Physik,” 3, Reihe, 1, p. 74.

Put :

A
a4 1)%

to agree with the rcsults in the © Archiv,” and in the modified form of § 28

L

1==, 40 A=c"4+24+5+ 104104441 (19),

=

= J Py?—Q dy
Y VYLY,
:éc()s.~.[ yf’) + [‘\ l:l/'2 ,;j‘. 1’&.2;?/ ““‘“ l\;; V//‘é_\/]

9. 3 — y* &) — A, 2
— Ssm_ Y Ay :/*_ Aal VEY (20),


http://rsta.royalsocietypublishing.org/

\

A
4 X

/

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

\

J;/i

A

A

/

/,

THE ROYAL £
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

THIRD ELLIPTIC INTEGRAL AND THE BELLIPSOTOMIC PROBLEM. 271
Yi=(y+ 1)@+ Cy+ )
Yo =(y— Dy — Cu+ C,) (21),
1
b=y,
v _ 1 —=2m _ .
A =20+ 64+ 11+ 1346+ 1 4 (207 4 4o +3) /A (23)
e 2(a 4+ 1*(a* + a4+ 1) o
_—a' =4 =9 —16—20— 14 —5—(a’ +3+4+3)/A
{——(1,9—-5—-1.5-—-34——58——73—=63—31—6+1
_ !l (=4 =9 — 14— 14 —8—1)/A } :
Ay = 2(a+ (a4 a+ 1) (25),
-{—1—5-~11—-1-6-}-14-{—31_+-29-|-1'7—|—6—|h1?r
o A (—l—4 =5 —6—6—4—1)/A (26)
' dat (a 4+ 1) (* 4+ a4 1) ’
{’l,+3+5+6+4+7—|—11+9—|—4—|—1{
(= FUF2HT=2—2—2-1)/A | (27).

dat (a4 1) (@ + a + 1)

Iixpressed in terms of «a, the parameters employed by Kreperr (¢ Math. Ann.,” 32,
p. 128) are given by

I _ a4 =20 — 1+ /A

Tt 2= & 2a (a 4 1) (28).
75 being GiersTER’S 7 (‘ Math. Ann.,) 14, p. 540),
R (29).
g o= @ fljdﬂzfi 417),1_ + VA (30),
g=" +‘3a;a+(q0; ]1),,_—, VA (31),
oo B o)
& P —3a—1 (33),

&L a(a41)
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272 PROFESSOR A. G. GREENHILI, ON THRE
—? 9&”—GCI+1+?\/A
d 2 (a® — 3a — 1) (34),
= —da — 14 A
& = 2t (@ 4 1) (35),
£ = o — 30 — 6 — 1 4+ /A (36)
V — - o)
6 200 (@ + 1) ’
L(2)* = (37).

Then for the section-values

{q“+1+5+‘28+66+83 F73 420 £ 841
pd 2 R — + (P —=2—=11 =18 =14 —6—1),/Q

tn* 2 K=, = 2+ 1 (0 + g+ 1) (38),
nt L K = 39
tntZ K " . (39),

ek AR IF 16 16T (P 3 g+ 1) VQ
Ktn*d K' = «a, = 20+ 1) (¢ + g+ 1) (40),

T S e L S ks I RVA S OY
T, 20° (% — Bq — 1) 7
o

o

L =R b d =T U = —d Lo (=g =2 2224 ) Q)
16g (g 4+ 1 (0" +9+1)

=0, A=Y =Y T == (1 —p) (44),
Yo s y ] (
¢+ ¢+ 0—14+/Q )
p=py = 2q (q + L) (45)
65K - o (1 . m>‘3 (46),
()0 1 . "
(() L K’)" b — m:;< o \\3 (47)‘
\00, = G = ’amm/ .
OFK _ g =2 =14 /Q
®0 7 —dg (¢ + 1)
=Tre= 3 (48),
Tis + 2 2

from the table for u = 6, § 29.
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THIRD ELLIPTIC INTEGRAL AND THE ELLIPSOTOMIC PROBLEM.

33. p =22, f= 171

The relation D), = 0 in (21), § 22, gives a Cy in (p, €); but putting

1 1

et P40

it becomes
(@ -F 1295 + (42® 4 9z + 4) y' — (v + 2) (32® — 32 — 2) /°
+a(z+2) (@ =T —2)y* + 4 (x + 2)y —at(x 4+ 2) =0

a C; in (, y) with triple point at the origin ; so putting y = — s,

shact + (2% — 4s® — 8s — 1) s%® + (8° — 9s* — 3> + ¥ + 4s 4 1) a®
—2(2s' — 48— 8s* —ds — 1w+ 4 (s + 1) =

a quartic for x, which can be resolved
[28%2° + (26° — 45 — 8s — N — 2(2s* + 2s + 1) P = {(s — 1) & — 2} S

S=ds(s+ 1>+ 1
Writing it
[2s2 (s — 2s — 1) + (28* + 2s + 1) {(s — 1) & — 2} P
={(s—1)x—2}*S
and putting
25 (P — 25 — 1) _ o :
(s — 1w —2 28+ 1)

(— 2814254 1p=8, t=2T1+8

28%
so that, with

j’ \O/ZSS s = s (u)

t=s(u— Fo)

273

(1),

(5)-

(9),

(10).

This 1s the elliptic integral of which the ikosahedron irrationality % of KwLrIN is

unity ; it is curious also that this integral occurs as one of ABEL’'s numerical exercises

(‘ Buvres,’ 1, p. 142).
Then to connect up with p = 11, as in L.M.S., 27, p. 469,

s —s) (=P
PRSP ) — () T (g 1) (ay — 20 + 2)

after reduction ; and

N ) _9(3@)—5(2@)
\/(J = 1 22, = S (32)) -8 (1))

VOL. CCITI.—A. 2 N
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274 PROFESSOR A. G. GREENHILL ON THE

reducing to
=yt E—-y) oy 2
(y+1)(ey—20+2y)" py y—2

n =

where « and y are given in terms of s by equation (64).

(13),

Substituting these values of ¢ and ,/C in terms of @ and y in the expression for

I(v) in (42), § 11, for p = 11, we obtain a result applicable to u = 22, and associated

functions of the Second Stage.

34. The next two cases of u =13, 26 and p = 15, 30 still present analytical
difficulties not yet surmounted, although p = 30 could be treated by the trisection

method of § 6, applied to u = 10.
35. When u 1s of the form 4n, so that

. 2 1 4 27 1
S awy, or K+ sz; Kz, [f= 72_7';

then fuv = 2nv is congruent to w;, as in Case I1L, and 1 (v) is given by

1 Pl Pyt P,
1(v) = oy 008 R SCa (02_ — + V(s — sy)
1 . _ Sn—] 871——2 L N
= . sin ! + on_ ——ls_)” +Q V(s1 = 5.5 —3)

— r*:‘ P@)(oc—s)+4/—3 ds
- 3 g -8 /\/S

8§ > 0> 8y >8> Sy
Here the degree is halved by putting

§ — g = &°

so that
[ ds f Cdx
VETERRVE ¢
and
Zu odd 4 even
X, =0C + Cw — o X, =0C,+ Cz + «*
= (z, — @) (2, + =) = (@, + ) (2 + @)
X, =Cy— Cix — 2 X, =C, — C +
= (o, + ) (w, — x) = (z, — ) (x, — )
also
Xy = Ki

and puttin
P 8 8—_:0--—83=(31—-33)d112fK’=.9012d112fK’

(2),
(3)

(4),
(),
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and

P (v) = 2 znfK’

()= [—POE=) /=%

§—a VXX,
—_ J' -1 R0+R1x+_ . '+ M*AM -
— COs (8 _ wz)%fz \/%Xl
== Sin‘l [%io‘— le +V - + <_— 1>H -1 R‘n 1'%}&—1 \/_X

n (5 — a2y
Thus for the vector of the corresponding herpolhode

M‘Z =,/ =%, x=uwxsn(K—mt)

L
MOt = (R + Ry ) /4K, 7 (R — R 0) /3K o
and in the associated hodograph described by the axis of a top

TM? sin fetri-v

' ' L
={(Ag+ A4 Ay @ ) EX (A=At o= Ay @) XK b

36. With u = 4n, the resolution of T into factors for the spherical catenary must

be such that T, and T, are quadratics in ¢*; and thus
= — L 2
1= — lizvk+] +(k+ 1o}

T, = {/c+1j:2«/k+h’t+(k 1)t2}

Ty = — (k=17 + 2 ( f;?_k2+1>tﬂ—(1¢+1)2ﬂ

k—h
2 N 27

T, = (/c+1.)9__2< ]“‘l‘,h k2+1>t2+(70—1)’3t’*
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37. The simplest cases may be cited before proceeding to the general theory.

\pd=4, v=K 4 LK (1),
k1 (] 9
oy = [ (1= 1) (k4 @) de
I(v) = L  — a2 V(1= a?) (i — a?)

o (1 — ) (k +2) — 14 x) (ke —a o
= COS /\/ Z(K)-— a:g) ) = 8N /\/(2<K)—-J}%)») (/J) .

and in the associated dynamical applications

MZ =/(k — @), = rsn (K — mt) (3),
M 2’ et = (1 — @) (k + 2) + i V5 + ) (c — ) (4),

reducing to HALPHEN'S algebraical herpolhode when the secular term pt¢ is cancelled
by putting p = 0.
In the associated motion of the top (* Annals of Mathematics,” vol. 5)

TM? gin GV = <£—2 — 1;" g %> VE — ) (ke + x)

<y ’)0> VIO A %) (k- ) (5).

But the quadric transformation

(1—r)x

K — 2%

=cn[(1 4 k)mt,y], y= 1+«

7 =

makes .
1 dz - 12 . 1 =z
T(v) = —}L} Ja 1;2) = cos™! /\/ ; - = gin~! 2——/5 (7),

thus effecting the identification with the result, p. 147, ¢ (Buvres,” 2, when the sign of
Asrr’s R is changed so as to obtain the circular form.
For the division-values

1 11T .

3K/ = \/1 e oK = “»/1ff~,<’ dn LK = (8);

miK =zd K =31 (1 —«), ziK = —z2iK =§(1 4+« (9);
OLK (14« HEK _(L—xf HIK _  « (10)
00 2kt 7 ®0 24 7 HK 24(1 + )t '
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38. p=8, v=K+4 15K
()= [~FP@E=a)+ Q) do
L 5 — a? VXX,
1 ltap—a
:éCOSU(g_xz Vi + ) (k + @)
= L B0 ) (=) (1)

where the octahedron irrationality o = /« is given in terms of @ by

\
unchanged by the substitution <c&, ! ), which interchanges f= + and $.

a

Also, in the region /2> a> /2 —1, f=4

1 Pl —
S = ( '{760',400( — ) = dn?} K’ (3),
_ (1 +20+30%)(—1420+0a*) _ |
Py = (Lt 204307 (1420405 4g (1)
16a°
Qo) =3 /—x = (LT (=) (=1 420+ )
16
= «*sn1K’eni K'dn} K’ (5).
The result is obtained by putting
— — — (] . m) —_ .
s(w) — s (4v) =0, o= Lo B=1 (6);

and the values of s, s,, s; are rationalised by putting

_  l1+4+a _ o) g — — 1+ 20 + a?\?
m=y b o 1=s0 .am)A_( 1+2a_a2> (7).

To normalise the results, a homogeneity factor M is introduced, such that

s =M M=l —s)= 4 iy gn o )

The division-values are shown in tabular form, and the numerical test of
a = 4 (/b — 1) is required for u = 15.
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Region. A. ‘ B. | 3 C.
w>a> /241 | /24 1>a>1 [1>a>,/2—1.
o) S R
(140 (—142a+¢?) (1420 —a?) o« & &
16a* K
(1+ ‘-f,)i,,,,(l,_:f—f?) —sc23 K — LK dn? LK
a
(1— aé); g]' +) —sc?+ K —ces* 3 K dn®*3 K
@ ‘
%(é—c&) —nd 3 K —dni K dni K
(L + 20+ 30%) (= 1+ 20 + o) L g1x s K mtK
16a? K + *
(3 =20 4 &) (= 1 4 20 + &*) 1 ssK 753 K 3K
16a? P 4 +
% <} + CL>2 1, zni K i K zn &
1 ;
at (1 4 a) (1 —a)® HK HiK 64K
(T4 a® (=14 20 + a?) HK HK HK
ot (14 a)' (1 — @) HiK HiK ek
(14 (= 1+ 2¢ + a?) HK HK ; HK
1,0\ ‘
<d + ®LK ®1K @1 K
<1 o w>§ 6K 00 0
o
Test by a Vb4 2 (/5 +1) L(/b—1)
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D. E.
V2=1>u>0.0>a>—, /24 1.
1 1
K/ I('/
x® K*
_K’2 _K'2
nd? L K —sc* 3K
nd*$# K —sc? 1+ K
nd K —nd4 K
—;},ZH%K —%;zs;—}K
LmiK ~zs+ K
- — i %8%
%71’121—1{ %zn—%—K
®FK HiK
HK HK
®1iK H$K
HK HK
©zK 63K
6K 8K
V5 —2 —/5+2
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F.
— /241> a>—1.

—cs? 3K
—cs? 1+ K
—dn$

—zs8 K
—zs1 K

zn# K

HK
H1K
HK

01K

—+(v/5—1)

G.
—1>a>—,/2—1.

dn? 3 K
dn®}
dn{ K
—zn#
—zm+ K

1
zn i K

H.
~/2—=1>a>— .

—/5—2

PHILOSOPHICAL
TRANSACTIONS
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39. Amper’s form in “(Huvres, 1, p. 142, 2, p. 160, for n = 2 becomes the same
as in 2, p. 148, by replacing his @« + +a by @, his @ by 2 (¢ + ¢/), and b by
1 "2
— (g —q)

But now in our notation for p = 8, equation (14) § 25 becomes

Zy=T[e+m(l —m)P — (1 —2m)z (1);
and putting
I4a o a(l—a) _ oo (=14 20 4 a®\?
Tl T 1+2a_cﬂ’ L —8m A 8m ’“( g ) &

and replacing z by 1@, where M = 1 -+ 2a — @?, the roots of Z = Z,Z, = 0 are

w=(14a), zn=d(l+af, z=10—a)p z=d0"(l—a) (3).

A quadric transformation is required in ABEL’s result to obtain our I (v), namely,
with the § above, and the sign of Z, changed to obtain the circular form,

2o — 7 = (14 a) (81 :—TC;)U‘“‘“ ) (4),

s (@) (L 20 o)

PR e X3 (,,“é:;f@ + at) (6),

I 4a® (1 —--8 ci);(f — %) (1),

and

Ty = (2 — 2) (2 = 2) = “@ L+ ) (1(-§ i)"xg;— a?) (i — o) (8),

N (. 22 8,2 '

7= (= 2) (=) = (LHOT L S b e (0).

so that ,/Z, is rational.

Afterwards the degree is halved, as ABEL's integral is 21 (v).

A similar quadric transformation and halving of degree will be required for all
even values of ABEL'S n, to reduce his results to our form, involving heavy algebraical
work.

Aners integral (‘ (Buvres,” 2, p. 148), changed into the circular form, can be utilised
for the construction of an algebraical orbit described under the central attraction

P= ,)#3 + o + 7 (10),
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in the form

N cos 20 = (u + g + 2¢) /(%* + 2qu — ¢* — 2q¢) (11),
Nsin 20 = (u 4+ 2q 4+ /) /(— 2* = 2¢'n + 2q9¢' + ¢”) (12),
N*= (¢ =9 (¢ + ) (13),

so that the condition

i

0 ‘{’M du (14),

VU
U = (v + 2qu — ¢* — 29q") (— v* — 2¢'v + 29¢' + q”) ~ (15),

18 satisfied by taking

’ H ’
pE—a=d =+ = =30 (g + )
h=qq (¢ +2¢) (29 + ¢) (16).

A degenerate circular orbit u = ¢ is obtained by taking

q+q¢ =0 p=0 p,=0 H=2¢4,
P = r%F, 0¥ = 1% (17).

But the integral in ¢ (Tuvres,” 2, p. 147, putting @ 4 ¢ = u, requives p = 0, p, = 0,
so that we merely obtain a conic for P = pu».

40. wo=12, 'v=K+V
1(@):_ﬁ-—P(v)(S—w?HQ(W da

P o + a? + o — a? v XX,

altat+a+ (1 —a)e —a® |
1 (0 + o + o — a*)} vEX

1 P (1 —a)a — a? | _
v (Z(;b_l—-i—acﬂ +( o? ._ag)c;)cz ) VX (1),

— 1
= § COS

= } sin

X, o= (1 +a+ )+ 3 (1 +a)P(l —a)e —a? (2),
Pw) =451 —a)(5b+ 3a + 8¢> + «') = 2 znfK’ (3),
Q) =4%+(1 —a')(a + & + ¢*) = & *snfK'enf K’ dof K/ (4),

VOL. CCIIT.—A. 2 0
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282 PROFESSOR A. G. GREENHILL ON THL
results obtained by putting

m (1 — m) (1 ~ 3m -+ 3m?) g L —3m+ 3m?

S — s(6v) =0 o= . 3 - : ’ A
(@) — 5 (60) o (1 = 2m) (1 — 2m + 2m?)”’ ! 1 = Q9 -+ 2m” (%),

M=m =

[ R—

Treated hy the trisection of p = 4, putting ¢ — 0 In equation (8), § 14,

3tt 4 (1 — 8x) t¥ - Ga®* — &t = 0 (7).
and putting
P
oy
b 1
L == f oo . 8
v (b — 1) (b + 3) i (b= 1) (b + 3) (&)
_ 1 (=10 +3) |
=l =) )
and
G A 0
Ty — g (T . 3)7 =T (1 )7
so that ’
b=r14,—23 (1),

and b is the equivalent of ¥ in Kruix-Fricke, « Modulfunctionen,” 1, p. 688, while

L= =Ty (12),
27'(; "I— 8 = (Tlg + 2)3 e 12/1 o (:r’.} — 3)3 ([3),
@ + y‘l e (14),
and GTERSTER’S
36 36
= — (5).
T Yy’ -0 e 8 (19)
Also
) 1o @)S (L = a)? o
Ty, (0 0) A (1 e (L‘l) ( )
so that
1 . ' .
b= 41+ (17).
In Kieper1's notation, ¢ Math. Ann.] 32, p. 104,
4 }
é:[ = ]- = b o I 5 &C° (18).
Putting
A= (14 a*) (14 404 o) (19),

the section values are shown in the table :—
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(1 + @) (1 —a)
20/ (@ + o 4 o)

(1407 /A

20/ (0 4 @ + o)
— (1 +af (1 —a)+ (1 +a%) /A
(140 (1 —a) + (1 + a9 /A

[¢7

(14+a)V1+40+a —(1—a) V14

(1 +a) V14 da+a>+ (1 —a)/1+a

(t+a)Vitdota—(1—a)V1+a
2(1 4+ a)/1+a

2(1 + a) V14 a?
(L4 a) V14— (1 —a) /14 4a 4 a?
(14+a)V1+a+ (1 —a) /14 da+a?
(l+a)Vida—(1—a)VI+da+a

—(14+aP(l—a)+ (14" /A
4o/ (0 + o® + o)
(1 —a) (5 + 30+ 30 + o)
120 4/ (a + o + a?)
(1 —a) (1 + 3a + 3a® + 5a?)
120/ (a + o® + a®)
(1+a+a??
8/ (o + o® + o?)
(1 4aP(l —a)
4o/ (0 + a® + o®)
- a®(a+ P+ )
(1 —a)f (1 + ) (1 + o)
(a0 + a® + of)?
002(1 —_ 60)6 (1 + a)l() (1 + (,‘(/2)8

202

<
(

en % K/
sn 2 K’

dn 2 K’

® % KI 24
HK7>

1 <a < oo,

cn + K/

nd 2 K’

sn+ K’
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41. Tn the general case a distinction must be made between 1 odd or even.

1. Tp=2n-+1, p=28n- 4

R P P .
7/__K4—4n+2K?,, or v= K4 fK, ‘f__4n+2 (1)
X, =0C)+ 20 — a® = (2, — z) (2, + x) (2),
X, =C, — 20z — 2* = (7, + @) (x, — x) (3),
LTy = Ky (4),
Cy = /(51— s3) (5 — 8) = 5 (20 + 1) v — 5 (o) (5),
20, = /(51 = 83) — /(5o — 5) = 2P (2n + 1) v (6),
2C,C, =129" (2n + 1) v =Q (2n + L) (7),

L L
<; —o) = & =1ray (8),

where o denotes the octahedron irrationality /x; so that if' the expressions are
normalised by the homogeneity factor M = /C,,

X, X, =14 Co—a, C= ; —0 (9),
X, = ! , wy=o0, x=osn(K— mt) (10);
0
— C,D 9 . P (v) oP (v)
K =7 " %= 0 = D=¢D, wmfK = o= 11).
s 8§ — 8  H— 8 “ ( / V(51— 85) M (1)
Now
a_P0) g oy 4 Q)
1(») = S M (6 — o)+ M3 dn
M=) p_w VXX,
1 Ry + R .. 4 Roe™
= o 1 cos (D — s VEX, |
= 1 1 Ro+ Ryw 4. A Ry 11X 12
T on41 Sin (D — a2t VEX, (12).
ROZCO — D2n+1’
Ry = — {(2n + 1) P(v) — P (2n + 1) v} Ry, Ry = (— 1),
Q(v) _ «snfKenf K’ dn /K’ (13).
M3 K
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Next putting

o - m — ot
a—m41° (14),
% (o — g = (e—m 1) mh? 1
Co> = (51— 85) (85 — 85) = (& — m)* T (2 — m)? ¢t (15),
and with
s (0) — s () = — T
B=s(0) —s(og) = — " (16),
3 positive, » = o, + fo,, 8 negative, v = fuw,.
mioe 1 8
G imaT e (an);
so that when normalised by M = ,/C,, D becomes ¢? and R, becomes ¢+,
In the sequel it is convenient to put
_a—b_dufK_ o
CFadbT o Tdn(l—f)K (18),
4 _a=Db
p=1—2m= b(1 — a) (19),
L _(a—0)(14) _(a+b)(1—1) |
p—l= b(l—a) p+1= b(1—a) (20);
so that
= ¢ = (a—b)
CTE AT 8ab (a? + b?) (21),
l=py & _ 14 _p
Ty Tt a T T
_ o'+ 6 bt @ — b
~ 8ab(a® 4+ 1?) 2b (1 — a)
_ (@ = P) 3¢” + & + (1 + 3a) D%} (22)
8ab (1 — a) (a* + b?) '
B = (1 —=2m)a _ _ dpa
m (1 — m) pP—1
_ (0= 1) 130> + o + (1 + 3a) 1) (25)
o 2a (1 — b?) (a® 4 b?) ’

20 + a* — (1 4 2a) b*
a(l — ) (0 + b?) (24),

(1 + a) (a® = b°) (@ + b°)
a (1 —b?) (a® -+ b?)

e=928—1=

e— 1=

(25),
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(362 - 4 (14 30) 1) (0 ) (26)
a (1 —b) (@ + 0?) ’

S — (@ 4+ 0)* (1 4 by {3a* + & + (1 + Sw) by
(1 — a)®b?
¢ — (@+ 0y (1 + 0)* {3a® + a’ + (1 + 3a) b?}
0 (L —apb*(a— by
C? 4 20, = @ + @) = 5 + 5, — 2,

_ L =4 (1 —2m)a — 8 2
=m 4 (a0 = m)? (29),

€4+ 1=

_ o1 — 4(1 — 2m) & — 8a2
L= o=
C, 4o (o — m)

— 16220 | 8ab(a® + b7) 2ab (1 — a) (a® + 17)
(@ =D T (@ = PP (3¢’ + @+ (1 + Ba) b?)

_ - 64a’b? (af — bY) , (30)
T (@ — )P {302 + &P + (1 + 3a) b} I

16a® (@ — b*) (1 - b) ‘
(1 — a) (@ — b)f (31),

167D (b — bY)

2

1 =

®:

1 e ) = 1 (2 — , o ¢
i(; —0) 10 3ab 4 o + 6 (a* — aP) b* — (1 -+ 3a) b% — 8a®b? (0 — D) (32),
L(1 4 o) = 3% + a” + 6 (a* — a°) b* — (1 4 3a) b5 4 8a3b? (a® — DY) (33)
4o T 3a° 4+ o + 6 (at — @) D' — (1 + 3a)b® — 8ab (4P — bY) o)
Thus in the quadric transformation
2 L
A == T pY— ]0 (34),
5+ Lo
‘l 2 6466()'[)4' 003 i b‘@ 2
’4“<x - )‘> - (D : (35),
1 \2 3a8 + a? + 6 (¢t — a®) bt — (1 -} 3a) bB}?
t(La) = 30+ @ 6( = )b — (1 + 3 B (36),
D = (a* — 013 {(3a® -+ a®)* — (1 + Ba)* b} (37),

involving powers of b* only ; this will be useful in the sequel.
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To connect up with the order p’ = 4n + 2 = % pu, denoting p (w/) by p/,

P M*(we)~8(ﬁv)

(1 —2m + 2m*) B — (1 — 3m + 3m?)

P =1 s (wy) — s (30) m(l — m)(28 — 1)
_ P+ V)e—=2p 140 (0 — D) (38)
(p?—1)e B L—0""2a® + a* — (1 + 2a) b ’
f_ PP (14 b*.a® — D)
P=e=0p ™ 71 =0t 28 + a* — (1 + 2a) bt (39).
We have found
WfK _,_a—b_e(1—/)K
o Tuau4vT 8 (fK) (40),
and proceeding with the series, writing f for fK’,
dndf _1—m _1—0 (41),
0 m 140
dn (27 4+ 1) f _ Norys ¢ (42).
0 241 :
Working these out with the assistance of the analysis given subsequently,
dndf _ o — (1 + a — a®) ' + ab (a0 — &® — o® 4 1Y) (43)
0 (I—I—a—or)b—ab(a—oﬂ—a +b*) ’
and generally .
dn (27' + l)j —_ Ezr+l + Z')F2r+1 (44)
0 By — OF, ol

where F is a rational function of @ and 6% and E derivable from it by the substitution

(@ o) (03]

B= 8n -+“ 4, dll (27]/ +1)f$ ]: F27L+I =0 (45)

0

Thus for

The results in the sequel give
F.=a*(1 + a« — 2¢* — a®) — (a + & — a® — 30*) b* — a?)? (46),
and therefore
E,=a® —(8a® + a* — a® — a®) b* + (1 + 20 — o® — a®) b® (47),

Fy=a%(3 4+ 0 — 3a® — &®) — 3¢’ (1 + 20 — 2a* — 2a%) b*
4+ (1 + 3a + 0 —6a®+ 04 0 — af)b® 4 a®?? (48),
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By=a"4+a*(—14+ 0+ 0—6a®+ 0+ 3a® 4 af) b
+ 8a® (2 + 20 — 2d° — a®) b® — (1 + Ba 4+ 0 — 3¢®) b1*  (49),

Fp, = Ay 4+ A A5 HADY 4 A DY 4 A DY (50),
Fy, = By 4 R 4 BylS - Byb™ -+ B 4 B (51),

where the A’s are found in § 45 (3), and the B's are derivable by the substitution <a, é)

These expressions have been tested by putting

F,=0, 0t=—a+4d -+ a (52),
which makes ‘
E; = a® (1 — a®)p, F,=a(l —a?)’ (53),
Ey=a (1 +a)(l —a), Fy=d(l+ a)P(l—a) (54),
Ey=d (1l +a)p(l —a), F,=d (1+ a)f (1 — a) (55),

and thus verifies

dn7/ _ o _14b dn9f_dnll/ _a+4b

o Ty T 0 0 Ta—i (56).
49, po=20, f= L8009,

b= —a+a* }a* & —b=a(l—a) (1),
) + 64a*° (2)
— (L + a®) (1 4+ 2a — 6a* — 207 + a*) — 8a*b® ’

v L6a* (1L 4 D) .
O = (L — a)(a — b)° (3),

/1 }\"2 _ bda*(~ a + o + a*)

* <}\ ) Tl = e (1 + da — a?) (),

(LY o U+ (L + 20 — 6a° — 2a° + o) -
* <)\ T ) N (L —a®P (1 + 4a — a?) (),

Now, as in the ¢ Archiv,’ I11., 1, p. 75, with the b there replaced by — 1 + “ and
—a
4 B b - 2[)
v/ B by I —a
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"_ POy ey QW)
I(v)::g """" AR ¢ o dx
D —a? VXX,
. -1 Ry + Ryx + Roa® + R 4
1 gog=! 0. ® ' e Y X,
. 1R, —R Roax? — Ry® + ot
= bain SR N SR, (6),
X, Xy=1+4 Cx —a? (7),
o [a—b} __dn’fK’ s
g K P(50) _ 0
o = 0 =m0 o
‘ 10— 200(14D)
PO =40 = 20—y (10),
o (l 4 30 — a® — o — 20b?) (o® — b*)?
0= e ()
Q (?)2 == 03 S (12),

M o (a— m)

% o/Cy = — 5P (1 = Y 2e 14D
Ry /Cy= —5P(v)+ P(5v)= —1 = " a—b 1-—a (18),

while R, and R, can be calculated and the whole result verified by differentiating (6)
and equating coeflicients of powers of .
A change of b into — b will change v into 9.

The ¢ employed for p = 10 is ]%;, so that, putting

,1;:,_ 6 _ ]7’ - J; —

o= = (14),
L4+c¢ p' 41
we find
v (a=0) 1 — 20— a®+ 20 5
T Ta(itap T (1 +ap (18)
so that, with
U = r da_ A = 4b* (16),
a /\/.A. ’
a=a), o=a— o) (17)

(KiepErT, ‘ Math. Ann., 32, p. 107), and then, with a = ay,,
VOL. CCIIL—A, 2r


http://rsta.royalsocietypublishing.org/

\

A
4 X

/

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

\

J;/i

A\

/

/,

THE ROYAL /
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

290 PROFESSOR A. G. GREENHILI, ON THE
. 1

=a-+1—=

7’1 + a 3
a1

T da — 1

a? — 1

= — = &

K 4o

Then, in § 28,

(Oxo KV _ g0 el (e =)y g,
. 80 Ty
..
43, w= 28, v=K+f1%?, r=1,359 11, 13.
a N, + D,

A change of b into — b changes v into 13n.
Now, with 1 — 2m = p, pa = m (1 — m) B, 8px = (1 — p?) (e + 1),

m? (1 — m)? {p <§ -*2— 1>2 _dp-ledt M._(P;:J_f}

2 2\

T (L —m)P{—p* +e(e = 1) p + ¢}

D,

I

and changing p into — p,
Ny =4m*(1 —mP{—p> — c(c — 1)p ¢} |

N.+D,  e—p*> _a
N, —D, —e(e—1)p b

ape(e — 1) + b (e — p?) = 0

(18).

(19).

(1).
(2).

(8);

(4)-
(5).
(6)-

Substituting for p and € in terms of @ and 0, and cancelling a factor (¢ — b?)?,

there results
abt + (1 +a—a*>—3a%) bt — * (1 + a — 20° — a®) =0

a quadratic for b*.
To obtain a rational expression for C, we put

@b — bt = a®(1 — a)c?
and now the relation (7) becomes

(0&2(;2 +- a)z — (1 + a)z ? = 0

(7),
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a?* +ac+a+c=0 (10),
_—il—at A
¢= 20° (11),
A=(14aP—4a® = (1 — a)(1 + 3a + 4a?) (12);
so that, with
* da
a=au), u= : 13),
( ) J(l 4/A ( )
then
¢=a(u—%o) (14)

(K1EpPERT, ‘ Math. Ann.’ 32, p. 108).
Introducing these values into (35), § 41,

1t o —1d(l4a—2a—at)
Ham Y = bap Soplrat ) + Gty O

to be compared with the expression for & in u = 14, L.M.S., 27, p. 440, putting

1 —a 1
e E—— - - 1 6 .
c 9 1 4 2¢ a ( )

Writing g or p’ for py,,
= P
TV = e+
B Y W (S R R L,

(1 + a)(a — b%) (0‘02“’—' i)‘*) »

and after reduction
(I4+a)¢—a(l 4+ 3a—,/A)g

+ (1l —a)—a/A=0 (18),
or
' P —at+1)g+at=0, t=a(u—3o) (19),

to be interpreted as an elliptic function relation.
Rationalising again

(I + a)q* — 2a (1 + 3a)¢® + 20*(1 4+ a) ¢®
4+ 20* (1 —a)qg —a*(1l —a®) =0 (20),

or arranged in powers of «,

@t 4 2g(q — 1) a® 4+ (¢* £ 69° + 2¢° F 29 — 1) @

+2¢* (g —a+q'=0 (21),
@ tglg—Dat ¢ =ay/Q (22).
Q=4¢"+ (¢ — 1 (28),

2 p 2
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44, p=36, v=FK Z'r{gk gy,

The relation

{s(0) = s (90)}* = (s; — 85) (5, — )
leads to

Ny _ 140
D, 1 —0b

p=No+ Dy Ef(e—2)p"+ ¢
Ng—Dy  p[p*—c(¢ — ¢+ 1)]
and putting

p?—1=q, e_lz:'r, 2 — 1 =g, nglzt:t

P+ 1 =mu
q

2

2 ‘_...
21— oy
bp

%
and thereby the superfluous factor a® — 0? is cancelled, and finally
a*0® 4 (1 4+ 3 4 0 — 643 + 0 4 0 — ) b®
— 3 (1 4 20 — 2¢* — 2a®) a®*b* 4 (3 4 0 — 3¢® — &) a® = 0

a cubic equation for b*
Putting as before
@ (1 — a)

(¢4 1)

b — bt =
this relation (63) becomes
(4 2( =) = (1 =P+ @)@+ (1 + ) =0
S+(l—a)@+a)d+2(0 —a*)c (I —a)(l+a)P)=0
and putting ¢ = (1 4+ «) ¢,
(I+a)—(1—a)@+a)¢@+2(1l—a)g+1—a=0
and arranged as a quadratic in a,
P’ — (P = =29 =) a—(g+1) (¢ +q+1)=0

p= T —¢—=20—14+./Q
2q°

Q = ¢" + 2¢° + 5¢* + 10¢® + 10¢* 4 4q + 1
as in p =18, § 32; and

e P =20 =14+ /Q
2q

(11),
(12),
(13),

(14).
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45, p=44, v=K 4+ fKi, f= 27"2*2‘ L
Here the relation to be reduced becomes
b _Nyu+Dy_el(e=2)p"+e][(€ —e—1)p* +¢] (1).
a Ny — Dy plpt — €| [202 — € 4 & — €]

The algebraical work has been carried out by Mr. R. H. MacmanuoN, and he
reduces the relation to a quintic in 0%,

Ay 4+ A 4 A+ A2 A 4 A =0 (@),

Ay=da" (1 — 20— 5a®4 20°+ 4da*+ a),
A=d(— 14+ 2 415 + 8 —19 — 10a%),
Ay=af(—15—27 +14 +45 + 0 —11+ 043+ ad),
Ay=a® (6422 + 5 —40 —23 +264+ 5—8 — 3ad),
A= — 1— ba— 52+ 9 413 — 5—10 4 6+ 308,
Aj=—d (3).
As before, putting
3_4_“3(1—@) y —
7 = w41 and v = (1 4+ a)c (4),

the relation can be halved in degree, and becomes
dat 4 (e + 1) (2¢* 4+ 2¢ 4+ 1) a® + (¢ 4 8¢* + 6¢® + 8¢ + 4¢ + 1) a?
— (2% +5c+3)a—(¢c+1)=0 (5),

a quartic in @ of similar structure to the one in u =22, § 33 (3), and capable of
resolution in a similar manner into

[2¢%® + (¢ + 1) (2 + 2¢ + 1) o — (¢ + )P = C[(c — Da+ (c+ )P (6),
C=de(c+ 1P +1 (7).

Put
3 .
e J(r 22 ?2‘32&111)7 T Saee e (8),
and then
2=+ F VO u—ta) (9),
if :
¢ = c(u), u:f;i% (10);
and

cr = @’ + (¢ 43¢+ 1)a+c+ 1 (11),

(c—=1)a+ (c+1)

a relation which requires interpretation, connecting ¢, , and a, elliptic functions of u.
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It is now possible theoretically to determine the coefficients in

0 _P) 5 _ 04 Q0
[ (@) _ S M (8 —a?) + M3 da
Je S — a VX, X,
_ 1 R+ Ra4... + Rp® —a® 5
1o (8 — a?) VX
1 o Ry — R s R — a0
= 7 807 ! Zg__ 2y ! ViX, (12),

and to construct an algebraical herpolhode and associated top motion complete in
44 branches.

This is as far as we can go at present, as the next cases of p = 52 and 60 must
await the solution of p = 26 and 30, not yet accomplished.

46. 1. Lu=29n p=sn v=K+ K, Q/’:Q’”;;l.
X, =C+ Cx + & = (z, + ) (v, + ) (1),
X, =0C)— Cx + a* = (x, — x) (x, — ) (2),

Co = s (w5) — 5 (200) = /(81— 85 5 — ) (
Cr= /(s = s3) + /(s — ) = 2P (2n0) : (4
(

C,C, = L9’ (20v) = Q (2n0) 5),
Grop=U=0 (6),
0
and normalised by M = ,/C,,
X, Xo=14+Ce+a® ® =1, x,=0 (7),
x = osn (K — mt), -@3}2(-)};1{, — D (8),
anfK'_ P (v)
o M ()

and the associated integral

P-PPm -+ 8
I<'U)_S M dax

D — V(X X,)
_ 1 g1 Ro+ Rz + ... + Ry g2 + Ry Tty X
= 5,8 (D — @) \/2 1
_ 1 R =R+ 4 Ry ™ — Ry ey ¢ 10
=5 sin (D — 22y VEXy  (10)
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R =D Ry, = — .[ZnP (v) + P (200)] Ryy,  Rgumy = (— 1)" (11),

%g) = <515 _ 02> snfK'onf K’ dnf K’ (12).
In this case IT. put .
(0 — m) (e —m + 1) = oPa* (13),
then
dob gt
Cp = (;1_"‘.9‘@ Cy = a[s (w) — 5(20)] (14),
2 o, .
d=1s(v) — s(0) = — ;ﬁ’—g?‘m (positive) (15).
Now, with '
1 —2m = p, (1—2m)a=7n(1—m)ﬂ=m(1—m)ij2_4 | (16),
s (@) = s(40) _ B—1>2 — <€_:_1>2 — :
s(w)—s(Z@)_< 3 =leq1 = b?, suppose | (17);
_1-=0 —_ 1 ) -
=iy F=14 (18);
and the relation (13) becomes
1 — p?
1 —a*+1£——4;2p~ =0 (19),
gty (LD A (L D)
t—at e =0 (20),
5 1 — o oo L—=p*  b(14D)
= (14 2b)° — a®’ m—m-= 4 (1 + 2b) — o (21),
b
— 1(1 — p?) B —
pr = 1(1 p )B — (1 + 21))2 — ot (22)’
p_p _1—d
a  pa b (23),
1 (1= a"[(1 4 2b)* — ot
oc2 o= -}—)22)0;2 e ( )[( b;l' ) C&] (24),
1 P C ?
(0 + 0)2 = C“ = C"(l)
o 1 —4(1 — 2m)a — 8a?
=2 40’0r?
oy L__ P _2Z
=2+ 4’0  aa® o
L (= a1t 2
- 4a%h? a?b a?
1 — a?)?[(1 4+ a?)? — 4b?
_ (L= @[t 0P = a0 25),
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1 1 ’22'1__ 2)2 . 4h2
(3 — op = (L @PIL = P — 4

_ _ _ (1 =20y — at
1 —8(1 —2m)a = (1 + 20)" —

We now find, as in § 41, writing f for fK/,
dnlf o —sy _ 1«<m — 1>

Vit Vi1 —a =1~ Vo +1 4o

TV @BV A1 —a? 1 —a2/2b + | o

dnf V14?2 + 1 —a? — 1 —a V20 + 1 4 &
o 201,/b

and then, from the relation

dn (2n 4 1) £ Nowps
D

writing ¢ for ¢*, and putting
(L4+e)@b+1—¢)=DB, (1 ~e¢e)(2b+414c¢c)=B,
dn3f _ (b +¢) /B, — (b —¢) /B,

0 2 (b + 1)/ be

Ausf _ (1 — e — bt 4 ¢) /B, — (1 -+ e — b — o) /B,
0 2(0F — b2 — b + ) /be

dn7f _ - EW/B, — /B,

o 2B — 1) (b* — &)+ b (b — &) (2~ 1 — A} be

E, = 0% 4 2b%c — b*¢* — ¢ (38 + ) b® — b*¢ + ¢ (1 4 ) b 4 ¢*

= (b — AP (D 4 &) + be (b* — 1) (26 — 1 — ¢?),
and F, is obtained from L, by changing ¢ into -- c.
47. p=16, v=FK 4+ fK, [f= 13257

8

and now the condition
s(w) = s(4v) = /(s — 85 8, — 55) = Gy

a=>b

reduces to
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,_ ,
bo=C=4(0—)) (5).
L o= (0* 4 1) \./‘(1’:", 60° + 1) (4),
20%
oA [ BR ) S 0 =2 — 1) = (b 1) (B — )P
D = o= T AT (5),
: R Rz + Rya? + o3
T(v) = beos—! 0T oo m;;g " 1X,,
- R —'I{w‘*-sz——mg
=g sin~10 (]1) _ %zig WV EX ‘ (6),
X, X=14(b = Jota (7),
R, = D? (8),
{“" Pt0—d—d—244464+4+1—(b+ 1)2}
R, = (B = —=b—=1) V(= 1) (0 —2b—1) (),
2b*
R 20 +1+0G+1)V lg)r—ﬂ(bz“%“ 1) (10),
P) _afK _ 4@+ 1)V O =1)(B=20—1) = +2043) (P —2b—1) ()
M~ o 160 ’
Q) _ b+ 1)V (' =1) (b* —2b — 1)
M 2 D (12).

Bisection formulas for p = 8 in the region » = £ K’z will lead to the same results,
with ag = a,

Va= VU2 =1+ V=21

1P — 1 — /P =2 — 1

Va 5 | (14)
o 14a
b? = a0 — a? (15)’

having the substitution
1) 1
—_— — = 16).
(@ =2 (b —3) (16)
Hence the following table of section-values for w = 16, holding in the region

2
©>b> /24 1; tested numerically by b = <»‘/v§—2+1~> ,o=4%, k=% ason p. 278,

region C :—
VOL, CCIII,—A., 2qQ
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1/, 1 I .
a0+ Vot
1 o g | L
ﬁV(b ‘)+1)2> N
1\? 1
1) st
P+ 14 /(b* — 66* + 1) L
2 /2b V0 Vo
VO 42204+ 1) £ (B =2 /2+ 1) e Vo
2V24/b Vo
(b+ 1) /B =14+ V(B + 1) (0°—2b — 1) dng K’ |
20! 0
|
b=1)V0 =14/ 1O —20—1) dn}K
or 0 |
B+ 1)VB +2—1—(b— 1)1 —2b—1 | dn 1 K’
(b4 1)V 20 —1 4 (b — 1) /b — 20 — 1 ‘
b= V02— 1+ (A1) VI —2b—1 sn 4 K/
2/ —1
b+ 1)V 2 —1—(b—1)V1— 2 — 1 e K’
9/ — 1
(b= DV 42— 1 — b+ 1)VH =2 —1 dn § K’
b=V 42 —14+ b+ 1)/ =2 —1
b= VP +2—1— 0+ 1) VD —2b—1 en 3 K/
2 /bt — 1 '
b+ D)V +2—14 (b~ 1)/ —20—1 an 3 K’
2 /b — 1 '
P+ 1 — /b — 60 + 1 dn § K’
41 40— 60+ 1
B4+ 14 /b —6b+ 1 | an LK/
2 (b* — 1) ’
B4 1 — B — 60 4 LK
5 (b — 1) end K
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Y o B mlK/
v‘/bgi‘(;g;’“] (4 (b—=1) v/ 1 4 (852 — 204 1) /b= 2b—1] ‘—E%I—{—
Vb?;ﬁff—l [4(b=1) /bt =1 — (352 —2b+1) /D —2b—1] Z“gg
Vb —2h—1 : T zn § K
e [4 (b4+1) /b =14 (b2+2043) /b2 —2b—1] “;‘)A—
R_ohL __1 S - 3K/
% ”21‘;521"“1 [4 (b41) /b1 — (026 +3) o/ TF—2h—1 | aEs
GRS I B .
T b= 1) (b 1) (B2 = 2b — 1) (1 1) ®0
ef= 0 Hz K'\®
2 (1)2 — 1)3 (1)2 + 1)2 <I:IKT>
48. p=24, v=K+ fK4, f=25711
el :
s(w) — s (6v) = C) = (&??EE%Q ’ (1),
and this leads to
(1 — 2m + 2m*) B — (1 — 3m + 3m?)
+ 28 —1)(m —m*)a =0 (2),
m(l—m)[3—a—2(1—a)B]4+B—-1=0 (3),
(L+0b)|a(l —0)+14+38b]— (1 +200+a"=0 (4),
a(l—=0)—04+a*=0 (3),
4
1)2:%:‘;2 =a—a®+ a’ (6),
Ly e = (L —a)f(l+a) -
(0 + 0) T 4o? (OL — a? + az—s) : (7)’
1 e = (L@ (1 — da + @)
(6 — o) = 40 (0 — o* + o) (82,
derivable from the results for u = 12 by putting a,, = ¢,
¢+ (13 — ,(0‘,,;_1[% (9),

2 Q 2
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300 PROFESSOR A. G. GREENHILL ON THE

and now

dn% K" _ ,”/1 + aly/(L—a?4+2 L N LRV B A (B N o x/&.,_d,zq'_'d?)) &o
0 QS 4 — ¥ 4 & S

(10).

In KieprrT’s notation (‘ Math. Ann.,” 32, p. 116),

1 — a4+ —a® & ad 1 — 4c + o . 54
= ) = : s s Gy T o , &e. (11).
VE 1+ a® & 1-b a? T o a? Ge. (1)

Treating p = 24 by the trisection method of § 14 applied to u = 8, we put

2 (1 — 2z 1 e 22° ]
x=z(l — 22), y:“(]i'-a-z')’ y 1= L (12);
so that, putting ¢ = 2% in the equation (8), § 14, it may be written
(L op = (L=2) "0+ 4) (13).

Ty (1 — 2z)? h 4(p 4 1)

To agree with the notation in Krmin-Fricke, « Modul-Functionen,” 1, p. 688, put

p+l=yy (14),
== 04y By —y)
N=1(L 4 0P = Loy , A= 1= Ly (15),
==V —y) (84
MO 1) = 256" 256 (1 — af)® (16),
@yt =l (17);

and denoting the tetrahedron-irrationaliy by &

c_ @ (),
S = f:gd:g ’ \/(5‘5 - l) ;g;s (Q/z — 1?/) (18)’
€= =Ty = 2, Y =Ty - 3 (19).
275+ 8 = (115 + 2)° = — a®, 21, 9 — (19— 3) =14 (20) ;

and GIERSTER'S 7,y (‘ Math. Ann.)” 14) is given by

36 36
’&éﬁ;nf) - —t 8 (21)

T

So also p = 48 can be discussed by a trisection of u = 16, by putting

LN (b= 1P (b + 3
(La) =0 04) (22).

Wl

((1) + 0)2 =
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THIRD ELLIPTIC INTEGRAL AND THE ELLIPSOTOMIC PROBLEM.

49. p=232 v=K4 fKi, f="180Dg b1l
— 0 . miatal
[s(w) — s(8v)} = (4 — m)t

and this leads to

B — (1 + 2m — 2m?) B* + 4 (m — m?) B — (m — m?)
—B(B—=1)(B~1+42m—2m*)a=0

m — m? = BB —1[B(1 —a)+ al
2° (1 + a) — 2B(2 + a) + 1
— b(1 + ab)
T (1 b) (1 2b — B 2ab)
so that
(1 4 ab) {(1 + 2b)* — at}
_(1+b)2(1_|_ 2b — b + 2ab) = 0
20—l 4 )bt = 0
a Cy in (o, b).

Put b = ac,
atc —(* 4+ 2+ 04+0—1)a>+¢c=0

a quadratic in a?,

2_}_717 24+ 040—1

YT ¢

/ 1\ __ (1) 42 —1)

\a+0&> S ¢

o Lf bk 1= 1)

. a 4]
Ct_g/09+1.09+20—1~+(c_+1)\/02—1“_
o 2./¢
b=\/02-|—1.c‘3+2c-21--|~(c—|—1)\/0‘3—-1\/0

Y B S AR

=4, =af [ala+a) =]

=D D2 =) ]

4c¢ C

301

(1),

(3),

(4),
(),
(6),
(7),
(8),

(9),

(12),
(13),
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as in p = 16, so that the bisection formulas can be carried one stage further.

We find now

dn 5 K/ _ Vll T e+ 1)?554; % — 1)] -/ [1 T (et 1f v-l]

! L (15).
0
«/ [1 + » ]+ /\/ [1 - » ]
— _ . _2r41 — 1,3,7,9,11,183, 17,
50. p =40, v=K4 fK" f[f= 00 1 = 1,5, 7,9, 11.18, 17,19
The relation
[s (@) = s (100) = (s; — s5) (85 — 53) (1)
leads to
N+ aDyy=0 (2)»

or putting m — m® = n,

(1 —4n) Bt —2(2—=7n) fP 4 2(8— 11n 4 21?) B — (4 — 170+ 1002 B+ 1 — 5n 4 50
+a(B =B+ n)[(1 = 4n) B — (1 —bn) B —n]=0 (3)-
b+ 1
(b + 1[50 — 1 — a (b® — 4b — 1)]
— [5b6% 4 802+ b — 1+ 20 (2b + 1)]bn
+ 0P (0P + a) =0 ),

With B =

, and arranged in powers of n,

and with
b _ (1 + 20 —a
n (1 4 0) ()

this becomes
(b + 1) [60° — 1 — a (i® — 4b — 1)]
— (b4 1)[50° 4+ 802+ b — 1 + 20 (3b + 1)][(2b + 1)* — at]
+ 0+ a)[(20 4+ 1) — @' =0 (6).
A factor 1 — @ may be cancelled and
B 4 0. b5 + Agb* + Ag® + AD® + 0D

—at (14 a4 a4 a® 4+ a') =0 (7).
Ay=38a(l+a+a?), Ay=0, Ay=—a(l+ta+ta®—a*+a*+a" +a’) (8).
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THIRD ELLIPTIC INTEGRAL AND THE ELLIPSOTOMIC PROBLEM.

Put b = ac,
6 (1 >*
A +3(-+14+a)c
~(S+i+i-1datata)e
1%
1
—<v~2+—+1+a+aﬂ>=0
7 o
Put —1~—|—a=t,
o

¢S+ 3(t+1)ct
— B+ —20=3) = —t+4+1=0
Put ¢ =2 — 1,
48t —t(P+t+ 4+ B3=0
Put « = yt,
P43 — (P +t+4)y+t=0
Put
1=z
y= 142

_ (W24 + 1)y _ :
t = 21_2)(1+4)2, fi= — 2+ 7+ 2B

NV
(1 +2)

o 1 =5 =242+ 4/Z
(1 + =)

C

LVE(VZ+ 1)
(1= 2) (1 +2

TV )
IR0+

2y = WWVAWZH ) (LY
rod= (1——2)2(1+z)4'*—<a >

t— 2 =

eun gL A)
O = 642"/7 (1 = 225(1 + 42 — 2%

_ 642°,/Z
T+ A (14 22— 622 — 228 + ) + 82%/Z

as in (2), § 42, for p = 20,

(14 22 — 62° — 228 — 2Y) — 82\ /Z

303

(10).
(11).
(12).

(13),

(14),

(15),

(16)’

(17),

(18),

(19).

(20),
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304 ON THE THIRD ELLIPTIC INTEGRAL AND THE KLLIPSOTOMIC PROBLEM.
To connect up the results, p = 20 and 40,

s (@) — 5 (100)
8 (w) — 5 (20)

s(w) — s (50) _ < + _7?>2 Tp— (22),

s(w)—s(®) ~ \e—p o

=’ inp = 40 (21),

are equal, so that
_p+te — a9 -+ bzo (23>
P =€ Gy = by ’

l—24+ 22424 2 /Z

[ I -
(LQ——bQ_zt (1T = 2) (1 + 2)? (24),
b2
o= V2 (25),
— ‘l‘ ) 3
gy = » (26)

(Kreperr, ¢ Math. Ann., 32, p. 119), and the preceding results are thus merely
bisection formulas for u = 20.

We arrive at the conclusion that it is the quotient of two theta functions,
fu and 6 (v — v), with constant phase difference v, which is required in dynamical
application, the functions «, B, y, & for instance employed by Kruix in top-motion ;
but the separate theta function fu has no mechanical interest.

This quotient, qualified by the constant factors 0 and v, is an elliptic function
of u when v is a half-period, dn v for instance when v is the half-period K, and the
quotient is the u™ root of an algebraical function of the elliptic functions of u

I part of a period ; in this way we express the result of ABrL’s

when v is an aliquot p
pseudo-elliptic integral.

The formation of this algebraical function for the simplest values of w has been our
chief object, and in the course of the work the ellipsotomic problem has been carried
out of the determination of the Division-Values of the Klliptic Function.

The Transformation problem may be considered solved at the same time by means
of symmetric functions of the division-values; but as Transformation has no

dynamical utility, it has not been developed in this memoir.



http://rsta.royalsocietypublishing.org/

